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Preface

The theory of foliations of manifolds was created in the forties of the last
century by Ch. Ehresmann and G. Reeb [ER44]. Since then, the subject has
enjoyed a rapid development and thousands of papers investigating foliations
have appeared. A list of papers and preprints on foliations up to 1995 can be
found in Tondeur [Ton97].

Due to the great interest of topologists and geometers in this rapidly evol-
ving theory, many books on foliations have also been published one after the
other. We mention, for example, the books written by: I. Tamura [Tam?76],
G. Hector and U. Hirsch [HH83], B. Reinhart [Rei83], C. Camacho and A.L.
Neto [CN85], H. Kitahara [Kit86], P. Molino [Mol88|, Ph. Tondeur [Ton88],
[Ton97], V. Rovenskii [Rov98], A. Candel and L. Conlon [CCO03]. Also, the
survey written by H.B. Lawson, Jr. [Law74] had a great impact on the deve-
lopment of the theory of foliations.

So it is natural to ask: why write yet another book on foliations? The
answer is very simple. Our areas of interest and investigation are different. The
main theme of this book is to investigate the interrelations between foliations
of a manifold on one hand, and the many geometric structures that the mani-
fold may admit on the other hand. Among these structures we mention: affine,
Riemannian, semi-Riemannian, Finsler, symplectic, and contact structures.
We also mention that, for the first time in the literature, we present in a book
form results on degenerate (null, light-like) foliations of semi-Riemannian ma-
nifolds. Using these structures one obtains very interesting classes of foliations
whose geometry is worth investigating. There are still many aspects of this
geometry that can be promising areas for more research. We hope that the
body of geometry and techniques developed in this book will show the richness
of the subjects waiting to be studied further, and will present the means
and tools needed for such investigations. Another point that makes our book
different from the others, is that we use only two (adapted) linear connections
which have been considered first by G. Vranceanu [VG31], [VG57], and J.A.
Schouten and E.R. Van Kampen [SVK30] for studying the geometry of non—
holonomic spaces. Thus our study appears as a continuation of the study of
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non-holonomic spaces (non—integrable distributions) to foliations (integrable
distributions). Furthermore, the book shows how the scientific material deve-
loped for foliations can be used in some applications to physics.

We hope that the audience of this book will include graduate students who
want to be introduced to the geometry of foliations, researchers interested in
foliations and geometric structures, and physicists interested in gauge theory
and its generalizations.

The first chapter is devoted to the geometry of distributions. We present
here a modern approach to the geometry of non—holonomic manifolds, stres-
sing the importance of the role of the Schouten—Van Kampen connection and
the Vranceanu connection for understanding this geometry.

The theory of foliations is introduced in Chapter 2. We give the different
approaches to this theory with examples showing that foliations on manifolds
appear in many natural ways. A tensor calculus is then built on foliated mani-
folds to enable us to study the geometry of both the foliations and the ambient
manifolds.

Foliations on semi—Riemannian manifolds are studied in Chapter 3. Impor-
tant classes of such foliations are investigated. These include foliations with
bundle—-like metrics, totally geodesic, totally umbilical, minimal, symmetric
and transversally symmetric foliations.

Chapter 4 deals with parallelism of foliations on semi—Riemannian mani-
folds. Here we study both the degenerate and non—degenerate foliations on
semi—Riemannian manifolds. The situation of parallel partially—null foliations
is still very far from being fully understood. We hope that our exposition
stimulates further investigations trying to tackle the remaining unsolved pro-
blems.

More geometric structures on foliated manifolds are displayed in the fifth
chapter. These include Lagrange foliations on symplectic manifolds, Legendre
foliations on contact manifolds, foliations on the tangent bundles of Finsler
manifolds, and foliations on C R—submanifolds. It is interesting to note that
in Section 5.3 we develop a new method for studying the geometry of a Fin-
sler manifold. This is mainly based on the Vranceanu connection whose local
coefficients determine all classical Finsler connections.

The last chapter is dedicated to applications. Since any vector bundle
admits a natural foliation by fibers, we use the theory of foliations to develop
a gauge theory on the total space of a vector bundle. We investigate the
invariance of Lagrangians and obtain the equations of motion and conservation
laws for the full Lagrangian. Finally, we derive the Bianchi identities for the
strength fields of the gauge fields.

The preparation of the manuscript took longer than originally planned. We
would like to thank both Kluwer and Springer publishers for their patience,
cooperation and understanding.

We are also grateful to all the authors of books and articles whose work on
foliations has been used by us in preparing the book. Many thanks go to the
staff of the library ”Seminarul Matematic Al. Myller” from lasgi (Romania),
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for providing us with some references on non—holonomic spaces published in
the first half of the last century.

It is a great pleasure for us to thank Mrs. Elena Mocanu for the excellent
job of typing the manuscript. Her dedication and professionalism are very
much appreciated. Finally, our thanks are due, as well, to Bassam Farran for
his continuous help with the technical aspects of producing the typescript.

Kuwait A. Bejancu
January 2005, H.R. Farran
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1

GEOMETRY OF DISTRIBUTIONS
ON A MANIFOLD

In the third decade of the last century, Vranceanu [VG26a] and Horak [Hor27]
introduced independently the notion of non—holonomic manifold as a need for
a geometric interpretation of non-holonomic mechanical systems. We present
here a modern approach to the geometry of non—holonomic manifolds as ma-
nifolds endowed with non—integrable distributions, and extend this study to
almost product manifolds. Our approach is mainly based on adapted linear
connections, stressing the important role of Schouten—Van Kampen and Vran-
ceanu connections for understanding the geometry of distributions, in general,
and the geometry of non—holonomic manifolds, in particular. When a semi—
Riemannian metric is considered on the manifold, we compare the intrinsic
and induced connections on a semi-Riemannian manifold, and get the local
structure of the manifold when these connections coincide. By using both
the Schouten—Van Kampen and Vranceanu connections we obtain the funda-
mental equations and some interesting evaluations for sectional curvatures of
non—holonomic manifolds. In particular, we find a large class of Riemannian
non—holonomic manifolds of Vranceanu positive constant curvature. Finally,
we present a method to study the geometry of degenerate distributions of
codimension one on a proper semi-Riemannian manifold.

Our approach to the geometry of distributions on a manifold via Schouten—
Van Kampen and Vrinceanu connections is given, not only because of its
importance for its own right, but also because of the crucial role it will play
throughout the book in studying foliations on manifolds.

1.1 Distributions on a Manifold

Let M be an (n + p)—dimensional paracompact smooth manifold and TM
be the tangent bundle of M. Denote by 7 the canonical projection of T'M
on M and by T, M the fiber at z € M, i.e., T,M = 7 1(x). A coordinate
system (local chart) in M is denoted by {(U,¢) : (z!,...,2"P)} or briefly
{(U,¢) : ()}, where U is an open subset of M, ¢ : U — R is a

1



2 1 GEOMETRY OF DISTRIBUTIONS ON A MANIFOLD

diffeomorphism of U onto p(U), and (z!,...,2""P) = p(x) for any = € U.
For any point € U, we say that the coordinate system {(U,¢) : (z*)}
is about z. The coordinate system {(U,¢) : (z*)} in M defines a coordi-
nate system {(U*,®) : (z,...,a" TP vl .. o"TP)} in TM, where U* = 7= 1(U)
and & : U* — R2"P) s a diffeomorphism of U* onto o(U)xIR™*? and
(a2 vl " TP) = &(v,) for any € U and v, € T, M.

Next, we consider a vector subbundle D of TM of rank n. Thus for each
x € M there exists a local chart (U, ¢) on M at 2 such that the corresponding
local chart (U*, @) on T'M satisfies the condition $(U*ND) = (U )xIR"™. Then
each fiber D, over x € M is an n—dimensional subspace of T, M, and the
total space of the vector bundle 7 : D — M becomes a (2n + p)—dimensional
submanifold of TM. We say that D is an n—distribution (n—plane field or
n—differential system) on M.

A slightly different approach to distributions may be achieved by starting
with the Grassmann bundle G,,(M) over M. For any © € M the Grassmann
manifold G, (x) consists of all n—dimensional vector subspaces of the tangent
space T, M. Then

Gu(M) = | Gula),

xeM

is an (n + p + np)—dimensional manifold, since each fiber G, () is an np-
dimensional manifold. Clearly, any smooth section of G, (M) is an n—distri-
bution and conversely, any n—distribution defines a section of G,,(M).

We do not explore here the difficult problem of the existence of distribu-
tions on a manifold. We only mention that if M is a compact manifold and
its Euler number X(M) is zero, then there exists on M a 1-distribution. Thus
any odd—dimensional sphere S™ with m > 3 admits a 1-distribution. Also,
we note that the only compact surfaces with 1-distributions are the torus
and the Klein bottle. Since fibers of a 1—distribution are lines, we refer to a
1-distribution as a line field.

As we have seen, a distribution on M is globally given either as a vector
subbundle of TM or as a global section of G, (M). However, most of the
problems encountering distributions have a local character. Here we present
two ways to define a distribution on M by some geometric objects that are
locally defined on M.

First, suppose that on each coordinate neighbourhood ¢/ in M there exist
n linearly independent smooth vector fields {Ey, ..., E, }. Then the mapping

x — D, =span{E1,, ..., B}, z €U,

defines an n—distribution on ¢/. Now, we assume that for any two coordinate
neighbourhoods U and U with U NU # (), the vector fields {Ey, ..., E,} and
{E1, ..., E,} are related by

E; = dlE;, (1.1)
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where o are smooth functions on U NU such that [a?(z)] is a non-singular
nxn matrix for any x € U N U. In this way the two distributions on ¢/ and u
agree on U NU and therefore we have a distribution on M. Conversely, it is
easy to see that any n—distribution on M is locally represented by n linearly
independent smooth vector fields satisfying (1.1) on the intersection of two
coordinate neighbourhoods. Though we do not write the adjective “smooth”
to the noun “distribution” we always understand that all local representative
vector fields of a distribution are smooth vector fields.

A distribution on a manifold can also be locally defined using a differential
system. This is done as follows. We assume that on each coordinate neigh-
bourhood U C M there exist p linearly independent smooth 1-forms {w®},
a € {n+1,...,n+p}. Then for any 2 € U we consider D, as the n—dimensional
subspace of T, M consisting of solutions X, of the system

WH(X)=0,.., 0" P(X) = 0. (1.2)

Next we add the condition that the 1-forms {w"*!,..,w"*P} and
{@n*1 ., o"P} on U and U satisfy

&% = A%W7, onlUNU, (1.3)

where Af are smooth functions on ¢ N U such that [A5(x)] is a non-singular

pxp matrix for any z € UNU. Then the mapping D : z — D, € G, (z) defines
an n—distribution on M. The converse is also true, that is, any n—distribution
on M is given locally by a differential system (1.2) whose representative 1—
forms are related by (1.3).

If not stated otherwise, we shall use throughout this chapter the following
ranges for indices: 4,4, k,... € {1,...,n}; o, 8,7,... € {n+1,...,n+ p};
a,b,c,...e{l,....n+ p}.

The integrability problem for distributions is very important. A complete
study of this problem is going to be presented in the next chapter (see Section
2.1). Here we only give some definitions and discuss their equivalence.

Let D be an n—distribution on M. Then a k—dimensional submanifold N
of M, 0 < k <n, is said to be an integral manifold of D, if T,N C D, for
any z € N. Thus the maximum dimension of N is n. Now, we say that D is
an integrable distribution if for any point © € M there exists a local chart
{U, o) : (zt, ...z, 2" .. 2"TP)} on M such that all the submanifolds of
U given by the equations

n+1

2" = constant, ..., 2" "? = constant, (1.4)

are integral manifolds of D.
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A connected submanifold given by (1.4) is called a local leaf (plaque) of D
(details can be seen in Section 2.1). In this case any connected integral mani-
fold of D lying in U is a submanifold of one of the local leaves of D. Based on
the above definition we can state the following.

Theorem 1.1. Let D be an n—distribution on M. Then the following asser-
tions are equivalent:

(i) D is an integrable distribution.
(ii) For any x € M there exists a local chart {(U, ) : (%)} such that D is
given on U by the differential system

dz" T =0,...,dz""P = 0. (1.5)

(iii) For any x € M there exists a local chart {(U,p) : ()} such that

ozt 9

D:span{ 0 _.}8}7 onU. (1.6)

Next, let X and Y be two vector fields on M. Then their Lie bracket
[X,Y] is a vector field defined by

(X, Y](f) = X(Y(f)) - Y(X(f)), V[eFM). (1.7)

Locally, the Lie bracket is written as follows

(1.8)

- Oxb’

) ) CANFY
[X’Y]_(X e Y &w)

9] 0
where X = X¢ Er and Y =Y*? D Now, we say that a vector field X on
x x

M lies in D if X(z) € Dy, for all x € M. If I'(D) denotes the F'(M)-module
of smooth sections of D, then we use the notation X € I'(D) to indicate that
X lies in D. We say that D is an involutive distribution if [X,Y] € I'(D)
for any X,Y € I'(D). At this point we only mention that D is integrable if
and only if it is involutive. This is the famous theorem of Frobenius which
will be proved in Section 2.1.

In the present chapter we will be concerned with the geometry of distri-
butions in general, that is, they do not need to be integrable. A pair (M, D),
where M is a manifold and D is a non—integrable distribution on M, is called
a non—holonomic manifold. The concept of “non-holonomic space” in a
Riemannian manifold has been introduced in 1926 by Vrianceanu [VG26a],
[VG26b] and independently by Horak [Hor27] in 1927 as a need for a geome-
tric interpretation of non—holonomic mechanical systems. In 1928 Schouten
[Sch28] considered non—holonomic spaces in a manifold with a linear connec-
tion. A great deal of research has been devoted to the study of the geometry of
non-holonomic spaces in Riemannian manifolds, and in manifolds with linear
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connections, in general. Several references published in the first half of the
20th century can be found in Schouten [Sch54].

The purpose of this chapter is to revisit this rather forgotten area of dif-
ferential geometry. In addition to the classical coordinate—base approach, we
will exploit modern coordinate—free techniques. The information we present
here will be used later in the book in our search for results that shed more light
on the geometry of foliated manifolds. In this respect, it is worth mentioning
that the linear connections introduced by Vranceanu [VG31] and Schouten
and Van Kampen [SVK30] on non-holonomic manifolds will be considered
on almost product manifolds, and thus they will have an important role in
studying foliations on Riemannian (semi—Riemannian) manifolds.

If a distribution D on M is given, then a complementary distribution
D’ to D in TM can be obtained. Indeed, since M is paracompact and of
differentiability class C°°, there exists on M a Riemannian metric of class
C®°. Then we can take D’ as the complementary orthogonal distribution to
D with respect to that metric. Thus we are entitled to consider, in the first
stage of our study, a pair of complementary distributions (D,D’) on M, that
is, TM has the decomposition

TM=DaTDD. (1.9)

Later on (see Sections 1.5, 1.6 and 1.7) we will see the contribution of a Rie-
mannian (semi—Riemannian) metric on M to the study of the geometry of the
pair (D, D).

Based on the above discussion we consider on M two complementary dis-
tributions D and D’. Denote by @ and @’ the projection morphisms of TM
on D and D’ respectively. Then we have

(a) Q% =Q, (b)Q? =@,
(©QQ =QQ=0, (Q+Q =1,

where [ is the identity morphism on T'M. Now we define the tensor field F’
of type (1,1) by

(1.10)

F=Q-Q'. (1.11)

It follows that F' is an almost product structure on M, that is, F' satisfies
F?=1. (1.12)

For this reason we call (M, D, D’) an almost product manifold. Next, from
(1.10d) and (1.11) we deduce that

1 1
(a) Q= §(I+F) and (b) Q' = 5([— F). (1.13)
Now, we note that at any point * € M, D, and D! coincide with the

eigenspaces in T, M corresponding to the eigenvalues +1 and —1 of F}, res-
pectively. Indeed, if X, € T, M and F,(X,) = X, then from (1.13a) we
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deduce that Q.(X,) = X,, that is, X, € D,. Conversely, if X, € D, then
there exists Y, € T, M such that Q,(Y,) = X,. Then, by using (1.11), (1.10a)
and (1.10c) we obtain F,(X,) = X,. The corresponding property for D/ is
obtained similarly. As a conclusion we write

(a) I(D) ={X € I(TM) : FX = X},

(1.14)
(b) I(D') = {X € (TM) : FX = —X}.

Next, we suppose that D and D’ are locally represented on a coordinate
neighbourhood U C M by vector fields {E;} and {E, } respectively. Then we
call {Ea} ={E;,E.}, A€ {l,...,n+ p}, a non-holonomic frame field on
U. Thus from now on, in this chapter, the indices A, B, C, ... have the same
range {1,...,n+ p} as the indices a, b, c, ..., but the latters are used as indices
for local components of geometric objects defined by means of the holonomic
frame and coframe fields e and {dz®} on U. According to the definition

xa
of a distribution on a manifold, the transformation of non-holonomic frame
fields on U NU # O is given by

(a) B; = dlE;,  (b) Eo = d2Eg, (1.15)
where [a/] and [a?] are nxn and px p non-singular matrices respectively. Now,

we consider the natural field of frames {(;za} on M and put

0

dzo

and (b) EAE,. (1.16)

0
Oz
Then taking into account that the (n + p)x(n + p) matrices [E4] and [EZ}]
are inverses for each other we deduce that

(a) BB} + EQEy, = o,

(a) Ea = E}

(b) BSE] =07,

(c) BYE] = o, (1.17)
(d) E2Eg =0,

(e) ECE! = 0.

The dual frame field {w?} = {w’,w®} to the non—holonomic frame field
Ej,={E;, E,} is called the dual non—holonomic coframe field to {E4}.
Then the distributions D and D’ are locally defined by the differential systems

w*=0, ae{n+1,..,n+p}, (1.18)

and A
w'=0, 1€{l,..,n}, (1.19)

respectively.
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1.2 Adapted Linear Connections on Almost Product
Manifolds

Let D be an n—distribution on an (n + p)—dimensional manifold M. A linear
connection V* on M is said to be adapted to D if

ViU elI(D), VXeI'(TM), UeID).

Now, if D’ is a p—distribution on M complementary to D, then (M, D,D’)
is an almost product manifold as we have seen in Section 1.1. We call D the
structural distribution and D’ a transversal distribution. These names
were introduced by Vaisman [Vai71] when D is a distribution on a Riemannian
manifold and D’ is its orthogonal complement.

A linear connection V* on an almost product manifold (M, D, D’) is said
to be an adapted linear connection if it is adapted to both distributions
D and D'. Thus V* is adapted if and only if the following conditions are
satisfied:

VxQY € I'(D), VX, Y e I'(TM), (2.1)

and
VyQ'Y e (D), VX,Y € ['(TM), (2.2)

where Q and @’ stand, as in the first section, for projection morphisms of TM
on D and D’ respectively. It is easy to see that an adapted linear connection
V* defines two linear connections V and V' on D and D’ respectively, by

(a) VxQY = V5QY, and
(b) V4QY = V5Q'Y,VX,Y € I'(TM).

(2.3)

Conversely, if V and V'’ are two linear connections on D and D’ respectively,
then we construct an adapted linear connection V* on (M,D,D’), by the

formula
VLY =VxQY +VQ'Y, VXY € I'(TM). (2.4)

Moreover, the restrictions of V% to I'(D) and I'(D’) are exactly Vx and V'
respectively. Thus, by the above discussion we state the following.

Theorem 2.1. There exists on (M, D, D’) an adapted linear connection V* if
and only if there exists a pair (V,V'), where V and V' are linear connections
on D and D' respectively.

An adapted linear connection on (M, D, D’) can also be characterized by
means of the almost product structure F' given by (1.11) and as well by the
projection morphisms @ and Q. To state this we give the following definition.
We say that I is parallel with respect to a linear connection V on M if its
covariant derivative with respect to V vanishes, i.e., we have
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(VxF)Y =VxFY —F(VxY) =0, VX,Y € I'(TM). (2.5)

The same definition applies for @ and @’. Then the following theorem can be
easily proved.

Theorem 2.2. Let V* be a linear connection on the almost product manifold
(M,D,D’). Then the following assertions are equivalent:
i) V* is an adapted linear connection.

(
(ii) The almost product structure F is parallel with respect to V*.
(iii) The projection morphisms Q and Q' are parallel with respect to V*.

Next, we would like to present some local characterizations of the li-
near connections on D and D’, and therefore of the adapted linear connec-
tions on (M, D,D’). To this end, we consider the non—holonomic frame field
{Ea} ={F;, E,} on U C M. Then for any smooth function f on M we define

(8) fio = Ea(f) = B2 2

* Jga’

of
b) fi; = Ei(f) = E¢ .
( ) fH (f) i Hga
We call f|, and f; the transversal non—holonomic derivative and struc-
tural non—holonomic derivative of f with respect to the non—holonomic
frame field {E4}. Now, let V and V' be linear connections on D and D’
respectively. Then, locally on U C M we put

and
(2.6)

(a) Vi, E; = I}¥;E,,  (b) Vg, E; = IF By, (2.7)

and
(2) Vg, Ea = 1,7 jEp,  (b) Vi Eo = I,°, Bp. (2.8)

We perform a transformation of non—holonomic frame fields, and by using
(1.15), (2.7) and (2.8) we obtain

(a) Fshtafz = (Fikjai + (a’g)HJ)aiv

~ _ (2.9)
(b) Fsh7a§ = (Fikaa?s + (a§)|a)af;7
and _ '
(a) I}55af = (I,Piag + (af))yi)al,
(2.10)

(b) I} ual = (I75ag + (ag)lv)a/’I'

«

Conversely, if on each U C M there exist functions (I3*;,I;*,) and
('L, TLP.) satisfying (2.9) and (2.10) with respect to the transformation
(1.15) of non-holonomic frame fields, then the differential operators V and
V'’ given by (2.7) and (2.8) define linear connections on D and D’ respectively.

Thus we may state the following.
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Theorem 2.3.

(i) There ezists a linear connection on D if and only if on each coordinate
neighbourhood U C M there exist n®(n + p) functions (I;%;, I;*,) satis-
fying (2.9) with respect to (1.15).

(ii) There exists a linear connection on D’ if and only if on each coordinate
neighbourhood U C M there exist p*(n + p) functions (I" %, I",".,) sa-
tisfying (2.10) with respect to (1.15).

The next corollary follows from Theorems 2.1 and 2.3.

Corollary 2.4. The exists an adapted linear connection on M if and only if
on each U C M there exist (n>4+p?)(n+p) functions (I;*;, [}* o, TP, T",P.)
satisfying (2.9) and (2.10) with respect to (1.15).

Thus an adapted linear connection V* on M is locally given by

(a) VE]EZ = FikjEk, (b) VEQEZ = Fl‘kQ.E]€7
(2.11)
(¢) Vi, Ba = I"oPEp, (d) Vi Ea =I"a", B,

where the non-holonomic coefficients satisfy the conditions from Corollary
2.4.

Next, we consider an adapted linear connection V* = (I3%4,1",” 4) on
(M,D,D’) and look for the non—holonomic local components of its torsion
and curvature tensor fields with respect to a non—holonomic frame field. To
achieve this we put:

(a) Q[Ej, Ei] = Vi*;Ex, (b) Q[Es, Eo] = Vo sEy, 21
(c) Q[Ea, Ei| = —Q[E;, Eo] = Vi*o By = Vo, By, '

and
(a’) QI[EJ7 EZ] = VlzﬂjEﬁv (b) QI[E’W Ea] = V/aﬁ'yE,Ba (2 13)
(¢) Q'[Ei, Ea] = —~Q'[Ea, Ei] = V'oP:Es = V'8, Ej. '

Then we recall that the torsion tensor field T* of the linear connection V* is
given by (cf. Kobayashi-Nomizu [KN63], p. 133)

T*(X,Y)=V4Y - ViX — [X,Y], VX,Y € I'(TM). (2.14)

By using the decomposition (1.9) and the non-holonomic frame field {E4}

we set: L
(a) T*(Ej, B;) =T;" ;B + 1'% Eq,

(b) T (EOU Ez) = _T*(Eiv Ea) = TikaEk + T/i'BozEﬁ

2.15
= _TakiEk - T/ozﬁiEB» ( )

(¢) T*(Ey, Ey) = Tk, By + T'o”. Ej.
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Then by direct calculations using (2.11)—(2.15) we obtain all non-holonomic
components of T as in the next theorem.

Theorem 2.5. Let V* = (Fi’“A,F’aBA) be an adapted linear connection on
the almost product manifold (M, D, D"). Then the local components of its tor-
sion tensor field with respect to a non—holonomic frame field {Es} are given

by

a) TiF; = IF; — I = Viky,

(2.16)

We now look for the non—holonomic local components of the curvature
tensor field R* of V*, given by (cf. Kobayashi-Nomizu [KN63], p. 133)

RY(X,Y)Z = ViVyZ = V3 Vi Z ~ Vix /2. (2.17)

for any X,Y,Z € I'(TM). To this end we first note that the F'(M)-linear
opertor R*(X,Y) on I'(TM) induces F(M)-linear operators on both I'(D)
and I'(D’). This enables us to set:

(a) R*(Ey, Ej)E; = R, E,
(b) R*(Ekv Ea)Ei = *R*(Eom Ek)Ez = RihakEh = *RihkaEh, (2.18)
(c) R*(Eg, Eo)Ei = Ri" o3 E,

and

(a) R*(Ex, Ej)Eq = R "1 Ep,
(b) R*(Ey, Ey)Eq = —R*(E,,Ex)Ey = R\P 4, Es = =R\, Es,  (2.19)
(c) R (E/uE'y)Ea = R/aﬁquﬂ-

The proof of the next theorem follows by direct calculations using (2.11)—
(2.13) and (2.17)—(2.19).
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Theorem 2.6. Let V* = (I}*4,1",%4) be an adapted linear connection
on the almost product manifold (M, D,D"). Then the local components of its
curvature tensor field with respect to a non—holonomic frame field {E4} are
given by

(a) Ri"jx = Iy — Dl +10°5 0" — Tk IS"
Vit = TV %,
(b) Ri"ar = I o = Ti"hjo +1i5als" ke — Tk s
*Ijihsvozsk - Fihevlaeka (220)

(C) Rihaﬁ = iha|ﬁ_Fihﬁ|a +Fi5afshg_FiSﬁFsha
_FihsVaSB - Fihevlaaﬁv

and
(@) RaP ik =T i = I'oaPrpy +1 a0 P — I oI CP
_F/oeﬁsvjsk - F,aﬁsvljsk;
(b) Rlaﬂ'yk = Flaﬂ'yﬂk - F/aﬁkh/ +F/o¢5'yp/sﬁk - F/agkr/sﬁ’y

2.21
_F/aﬁsv'ysk - F/aﬁevl’yak7 ( )
(c) R/aﬂw = F/aﬂ”/w - F/aﬁuw "’F/asvf/eﬁu - F/aauplag“/

_F/(xﬁsv'ysu - F/(xﬁavl’)’sll'

Taking into account that V* induces a linear connection V = (I3¥4) on D
and a linear connection V/ = (I'",? 4) on D’, by Theorem 2.6 we may state
the following.

Corollary 2.7. The local components of the curvature tensor fields of V and
V' with respect to a non—holonomic frame field {E4} are given by (2.20) and
(2.21) respectively.

As it is well known, a torsion tensor field is not defined, in general, for a
linear connection on a vector bundle. However, by using the notion of general
connection introduced by Otsuki [Ots61] we will define here a torsion tensor
field for a linear connection on a distribution. To achieve this we consider a
vector bundle E over M and a vector bundle morphism P : F — FE. Then
according to Abe [Abe85] an Otsuki connection (general connection) on
E with respect to the vector bundle morphism P is a mapping V that assigns
to any X € I'(TM) the differential operator

Vx:I'(E) — I'(E); S— VxS, VSeTI(E),
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satisfying the following conditions:
6fX+Y(S) = fVxS+VyS,

and
Vx(fS+8)=X(f)P(S)+ fVxS+ VxS,

for any f € F(M), X,Y € I'(TM) and S, 8" € I'(E). It is easy to see that V
becomes a linear connection on E when P is the identity morphism on E.

The above operator Vx can be extended to F(M)-linear mappings
N : (I'(E))" — I'(E) for any positive integer r. In particular, for the i-
dentity morphism Iz on E we have

(VxIg)(S) = VxP(S)— P(VxS), VX € I'(TM), S € I'(E).
The curvature form 2 of V is defined as follows (cf. Abe [Abe85])

Q2(X,Y)S = VxVyP(S) = VyVx P(S) = P(Vix v P(5))
—(VxIg)(VyS) + (VyIg)(VxS),

for any X,Y € I'(TM) and S € I'(E). For the particular case E = TM,

an Otsuki connection V has a torsion tensor field T given by (cf. Nemoto
[Nem85])

T(X,Y)=VxY —VyX — P([X,Y]), VX,Y € I'(TM). (2.22)

Now, we show that starting with a linear connection V on a vector bundle
E we can obtain an Otsuki connection V on a vector bundle G' that is larger
than F and V = V on F. Indeed, suppose G = F & F, where F' is another
vector bundle over M, and denote by P the projection morphism of G on E.
Then for any X € I'(TM) we define the differential operator

Vx : I(G) — I'(G); VxS =VxP(S), VS eTI(G). (2.23)

It is easy to check that V is an Otsuki connection on G with respect to the
vector bundle morphism P and V = V on E. Moreover, the following has
been proved.

Theorem 2.8. (Bejancu-Otsuki [BO8T]). The restriction of the curvature
form 2 of V to the sections of E coincides with the curvature form {2 of V.

Next, we apply the theory of Otsuki connections to the study of an almost
product manifold (M, D,D’). First, suppose that V is a linear connection on

D and consider the Otsuki connection V on T'M with respect to the decom-
position (1.9) such that V =V on D. Then according to (2.23) we have

VxY = VxQY, VX,Y € [(TM). (2.24)



1.2 Adapted Linear Connections on Almost Product Manifolds 13

Taking into account the relationship between the curvature forms of V and V
stated in Theorem 2.8, we define a torsion tensor field 7" of V as the restriction
of the torsion tensor field T of V to I'(TM)xI'(D). It is noteworthy that T
is I'(D)—valued. More precisely, by using (2.22) and (2.24) we obtain

T(X,QY) =T(X,QY) = VxQY — VoyQX — Q[X,QY], (2.25)

for any X, Y € I'(TM). As T depends on D’ we call it the D'—torsion tensor
field of V. Similarly, a linear connection V' on D’ has a D-torsion tensor
field 7" given by

T'(X,QY)=V5QY -VyQ X -Q'[X,QY], VX,Y € I'(TM). (2.26)
Finally, with respect to a non—holonomic frame field {E4} on U C M we put:
(a) T(Ej, E;) = T,* By, (b) T(Ea, E;) = T;* o By, (2.27)

and
(a) T'(Ey, Es) =T'w" Es,  (b) T'(E;, E,) =T' % Eps. (2.28)

Then by using (2.7), (2.8), (2.12), (2.13) and (2.25)—(2.28) we deduce the local
components of T" and T with respect to {E4} as they are expressed in the
next theorem.

Theorem 2.9. Let V and V' be linear connections on the complementary
distributions D and D' on M. Then the local components of T and T' with
respect to the non—holonomic frame field {E4} are given by

(a) Ti%; = I}¥; — Ij%: = Vi¥,

(2.29)
(b) Tika = Eko/ - Vika7
and
() T'aPy = 'y = TP = VP, (2:30)
(b) T/ = I = V', '
respectively.

As the pair (V,V’) defines an adapted linear connection V* on M we
should see what relationship exists (if any) between their torsion tensor fields.
First, by (2.14), (2.25) and (2.26) we deduce that T and T’ are not equal
to the restrictions of T* on I'(TM)xI'(D) and I'(TM)xI'(D’) respectively.
However, comparing Theorems 2.5 and 2.9 we see that the local components
of T and T” form a part of the local components of T* with respect to a
non-holonomic frame field {E4} on M.
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1.3 The Schouten—Van Kampen and Vranceanu
Connections

In the first part of this section we study the existence of adapted linear connec-
tions on an almost product manifold (M, D, D’). More precisely, we construct
two adapted linear connections which were first introduced by Schouten and
Van Kampen [SVK30] and Vranceanu [VG31] for studying non-holonomic
manifolds. Then we determine the general form of all adapted linear connec-
tions on (M, D,D’) and present these two special connections in an invariant
form.

As M is supposed to be paracompact, by a result stated in Brickell-Clark
[BC70], p. 154, there exists a linear connection V on M. Then, locally we set

ViesEa = FApEc, (3.1)

where {E4} = {E;, E,} is a non—holonomic frame field on &/ C M. By di-
rect calculations using (3.1) with respect to two non—holonomic frame fields

{E4} and {E4} on U and U we obtain the following transformations of non—
holonomic coefficients of Von U NU # 0 :

b) F%af = F,*jala],

) F"ay = (FiFoal + (aF)j0)ag, (d) ﬁsﬂwag = F;*.alas,
_ (3.2)
e) F,5ja2 = (FoP a8 + (af))i)al, :

|
g) ﬁysua? = (Fa'@.yaf,‘ + (a’f)h)az, h) ﬁyh#aﬁ = Fakgaaaﬁ

(
(

‘i)ai- (f) ﬁyhjaﬁ = F,*a%a’
( Da,
)

(I’Z-kA,FQBA) given by
(a) TiFa=F*4, (b) TWa=F, 4, (3.3)

satisfy the conditions of Corollary 2.4. Hence they define an adapted linear
connection V° on M. With respect to this connection we have to note that
the formulas (60) from the book of Vranceanu [VG57], p.235, are the same as
our (3.3). As these formulas were first obtained by Schouten and Van Kampen
[SVK30], we call the adapted linear connection V° = (I3* 4, T,” 4) given by
(3.3) the Schouten—Van Kampen connection.

In order to define another adapted linear connection on M we consider
(2.12¢) on U € M and UNU # §. Then by using elementary properties of the
Lie bracket and taking into account (1.15), (2.6a) and (2.12¢) we obtain

Q[E'WES] = Q[aroyéEaaaiEi} = agaiQ[Eou Ez] + ag;(ai)mEi
= (Vi*aa§ + (af) o) ag By

On the other hand, by (2.12¢) on U and (1.15a) we have
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Q[E'yaEs] == Vshth = Vsh,yafLEk.

Comparing these equalities we deduce that V;*, satisfy (2.9b) with respect to
(1.15). In a similar way it follows that V',?; satisfy (2.10a). Hence, according
to (3.2a) and (3.2g) the functions (I'*;¥ 4, I'*,” 1) given on each U C M by

(a) Ik = FiFy (b) %o = Vika,
(3.4)

(C) F*aﬁi = V/aﬁ'h (d> F*aﬂw = Faﬁ'ya
also satisfy the conditions of Corollary 2.4. The above adapted linear connec-
tion was first introduced by Vranceanu [VG31]. Indeed, it is easy to see that
formulas (21) of Vranceanu [VG31], p. 199, are the same as our (3.4). The
same formulas can be found in the book of Vranceanu [VG57] (see formulas
(61) at p. 235). Thus we are entitled to call the adapted linear connection
V* = (I'*;*4,I'*,” 4) the Vrinceanu connection.

Next, consider the torsion tensor field T of V and by using (3.1) and (2.12)~
(2.14) we obtain its local components with respect to the non-holonomic frame
field {Ea} :

(a) Ta¥p = Fa"p — Fp"a — Va"p,
(b) Ta%p = Fa%p — Fp®4 — V' 4%B.

Also, by using (3.3), (3.4) and Theorem 2.5 we obtain the following.

(3.5)

Theorem 3.1. The local components of the torsion tensor fields T° and T™* of
Schouten—Van Kampen and Vranceanu connections with respect to the non—
holonomic frame field {E4} are given by

(a) T;%; = Fi*; — Fi* = Vi, (b) T;%y = =V,

(C) /Tika = _Taki:Fika_‘/ikaa (d) Taﬂi = _Tzﬂa:Faﬁi - V/aﬁiy (36)

(e) To*s = —Va"s, (f) Ta"s = Fo"p = FgYa — Va7,
and
(a) Ti*; = F¥j — Fj* = Vikj, (b) T*%5 = —V"3%,
(c) T** = —T*,F; =0, (d) T*.P; = =T*%, =0, (3.7)
(e) T*ak,B = - ozkﬁv (f) T*a’yﬁ = Fa’yﬂ_Fﬁ’ya_V/a’yﬁa
respectively.

Corollary 3.2. The Schouten—Van Kampen and Vranceanu connections
coincide if and only if they have the same torsion tensor fields.

From (3.5)—(3.7) we see that even when V is torsion—free, the Schouten—
Van Kampen and Vranceanu connections are not necessarily torsion—free. Re-
lated to this, by using (3.5) and (3.7) we obtain the following.
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Theorem 3.3. (Vrinceanu [VG57], p. 235). Let V be a torsion—free linear

connection on (M, D,D"). Then the Vrdnceanu connection determined by V
is torsion—free if and only if both distributions D and D' are involutive.

This made Vranceanu ([VG57], p. 236) remark that the connection V* is
more intimately related to the properties of the manifold than V°. This remark
will become more evident as we go further into the study of non-holonomic
semi-Riemannian manifolds and semi-Riemannian foliations.

According to Theorem 2.6 we may write down all the local components of
curvature tensor fields of V° and V* with respect to a non—holonomic frame
field. However, since for V° we just replace I" and I'" from (2.20) and (2.21)
by F', we omit them here. We only apply Theorem 2.6 for V* and obtain the
following.

Theorem 3.4. The local components of the curvature tensor field of the Vran-
ceanu connection V* with respect to a non—holonomic frame field {Es} are
given by
(a) R*"ji = Fi"jjp — FiMwyy +Fi%F" " — Fi* o F
—Fr itk = Vit V5%,
(b) R*ihak - V%haHk - Fihk\a +V%8anhk - Fisk‘/sha

—F" Vot = ViV o, 35
() Ri*ap = Vitois — Vil gja +VitaVals — Vi®sVily
—F"Vats = Vil V' o5,
and
(@) R*afjk = Vo ik = V'a i Va5V Pk = Va5,V
V' P Vit = FoP V5,
(b) R*aﬁvk = Faﬁ’yl\k - V/aﬁk\'v +F045WV/6'61< - V’askFeﬁv (3.9)

_Vlaﬁsv'ysk - Faﬂevlwaku

(c) R*aﬁw = aﬁ'v\# - Faﬁuh +Fa€7F€6M - FaEuFEBW
V' PV — FoP Ve
Now, we want to express the general form of all adapted linear connections

on (M, D,D’) and then to describe the Schouten—Van Kampen and Vranceanu
connections in an invariant form. First we prove the following general result.

Theorem 3.5. Let (M, D,D’) be an almost product manifold and V be a
linear connection on M. Then all the adapted linear connections on M are
given by

VxY = QVxQY +Q'VxQ'Y +QS(X,QY) + Q'S(X,QY),  (3.10)
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for any X,Y € I'(TM), where S is an arbitrary tensor field of type (1,2)
on M.

Proof. It is easy to check that V given by (3.10) is an adapted linear con-
nection on M. Conversely, suppose that V is an adapted linear connection on
M. Then we put

VxY —VxY = S5(X,Y), VX,Y € I'(TM), (3.11)

where S is a tensor field of type (1,2) on M. Next, by using (2.1) and (2.2),
we have

Q'(VxQY)=0and Q(VxQ'Y)=0, VX,Y € I'(TM).
Thus by (3.11) we deduce that
Q' (VxQY + S(X,QY)) =0and Q(VxQ'Y + S(X,Q'Y)) =0, (3.12)

for any X,Y € I'(T'M). Finally, by using (3.12) in (3.11) we obtain (3.10). =

Next, we define:
S°(X,Y) = Q'VxQY +QVxQ'Y,
and

S*(X,Y) = Q(Q'X, QY] ~ VoxQY) + Q'([QX, QY] - VoxQ'Y),

for any X,Y € I'(TM). Tt is easy to check that both S° and S* are tensor
fields of type (1,2) on M. Then, by direct calculations we deduce that

(a) QS°(X,QY) =0, (b) Q'S°(X,QY)=0, (3.13)
and _

(a) QS*(X,QY) = Q(Q'X,QY] - VoxQY),
(b) Q'S*(X,Q'Y) = Q([QX.Q'Y] = VoxQ'Y),
for any X,Y € I'(TM). Finally, by using in turn (3.13) and (3.14) in the

general form (3.10) we obtain two adapted linear connections V° and V*
given by

(3.14)

V&Y = QVxQY + Q'VxQ'Y, (3.15)

and
ViY = QVoxQY + Q' Vo xQ'Y +QQ'X, QY] + Q'[QX,Q'Y], (3.16)

for any X,Y € I'(TM). Moreover, we prove the following theorem.
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Theorem 3.6. The adapted linear connections given by (3.15) and (3.16) are
the Schouten—Van Kampen and Vranceanu connections respectively.

Proof. Replace the pair (X,Y) from (3.15) and (3.16) in turn by (Ej, E;),
(Ea, E;), (Ei, Eq) and (E,, E,) and using (3.1), (2.12) and (2.13) we obtain
the local coefficients of Schouten—Van Kampen and Vranceanu connections
given by (3.3) and (3.4) respectively. "

The coordinate—free forms (3.15) and (3.16) of Schouten—Van Kampen
and Vrdnceanu connections were first obtained by Ianug [Ian71] and then
used by Baditoiu, Buchner and Ianug [BBI98] for studying semi-Riemannian
submersions.

1.4 From Semi—Euclidean Algebra to Semi—Riemannian
Geometry

For the sake of completeness of the book, and to present our terminology, we
start with some basic notions and results about semi—Euclidean spaces.

Let V be a real m—dimensional vector space and g : VxV — IR be
a symmetric bilinear mapping. We say that g is a scalar product on V if
it is non—degenerate, that is, whenever g(u,v) = 0 for all v € V, then
u = 0. The vector space V endowed with a scalar product g is denoted by
(V,g) and it is called a semi—Euclidean (pseudo—Euclidean) space. Let
q be the dimension of the largest subspace W of (V, g) on which g is negative
definite, i.e., g(w,w) < 0 for any non-zero vector w € W. Then we say that g
is of index q. When ¢ = 0 (resp. ¢ = 1), (V, g) is called a Euclidean space
(resp. Lorentz (Minkowski) space). If 0 < ¢ < m, then we say that (V,g)
is a proper semi—Euclidean space. In such a vector space we have three
categories of vectors as follows. A vector v € V' is called:

space—like , if g(v,v) >0 or v =0,
light—like (null) , if g(v,v) =0 and v # 0,

time-like , if g(v,v) < 0.
The length (norm) of v € V is the non—negative number |jv|| = |g(v, U)|1/2.
When |jv]] = 1 we say that v is a unit vector. Two vectors v and w are
orthogonal if g(v,w) = 0. Contrary to the case of Euclidean geometry, a
light-like vector of a proper semi-Euclidean space is a non-zero vector that
is orthogonal to itself. A basis of (V,g) formed by m mutually orthogonal
unit vectors is called an orthonormal basis. The existence of such bases is
ensured by the following.

Lemma 4.1. (O’Neill [083], p. 50).
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Lemma 4.1. (O’Neill [083], p. 50).

(i) Any semi-Euclidean space (V,g) with V' # {0} has an orthonormal basis

B={ey,...,em}.
(ii) Any vector v € V has a unique expression

m
v = Zfig(v,ei)ez’,
i=1

where g; = g(e;, e;).

Next, we consider a subspace W of a semi—Euclidean space (V,g). Then
the restriction of g to W is a symmetric bilinear form on W which we also
denote by g. If ¢ is non—degenerate on W, then (W, g) is also a semi-Euclidean
space. Any subspace W # {0} of a Euclidean space (V,g) is a Euclidean
space too. However, when (V] g) is a proper semi—Euclidean space g might be
degenerate on W, that is, there exists a non-zero vector u € W such that

g(u,w) =0, forallweW. (4.1)

When g is degenerate (resp. non—degenerate) on a subspace W of (V,g) we
say that W is a degenerate (resp. non—degenerate) subspace of (V,g).

Lemma 4.2. Any m-— dimensional proper semi—Fuclidean space with m > 2
has both degenerate and non—degenerate subspaces.

Proof. According to (i) of Lemma 4.1 we consider an orthonormal basis B of
(V,g). If w € B, then W = span{u} is a non—degenerate subspace of (V,g).
Since g is of index 0 < ¢ < m, there exist in B at least one time-like vector u
and one space-like vector v. Then W’ = span{u+ v} is a degenerate subspace
of (V,g). "

To discuss the degree of degeneracy of a subspace W we define the or-
thogonal subspace W+ to W in (V, g) by

Wt ={ueV:gluw) =0, Vwe W}. (4.2)

In general, W+ is not complementary to W in V, but the following equalities
are true:

dim W + dim W+ = m, (4.3)

and
WHt =w. (4.4)

Moreover, we have the following.

Lemma 4.3. W is a non—degenerate subspace of a semi-Euclidean space if
and only if W+ is non—degenerate too.
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Proof. Suppose W is non-degenerate and W is degenerate. Then there
exists u € W+, u # 0, such that

g(u,wt) =0, forall wt e W, (4.5)
On the other hand, by the definition of W+ we have
g(u,w) =0, forall we W. (4.6)

From (4.5) and (4.4) it follows that u € W. Then by (4.6) we deduce that W
is degenerate, which is a contradiction. Thus W+ must be non-degenerate.
Conversely, if W+ is non-degenerate, then by the above reason we infer that
(W) is non-degenerate. Hence by (4.4), W is non-degenerate. n

Corollary 4.4. W is a degenerate subspace of a semi—Euclidean space (V, g)
if and only if W is degenerate too.

Now, we consider the null subspace of W C (V,g) with respect to g,
denoted by N (W, g) and defined by

NW,g)={ueW:g(u,w)=0, Ywe W}. (4.7)
By using (4.4) and (4.7) we deduce that
N(W,g) = N(W*, g) =W nW+. (4.8)

The dimension of the null subspace of W is called the nullity degree of W
with respect to g, and it is denoted by null (W, g). Then the following can be
easily proved.

Lemma 4.5. Let (V,g) be a semi—Euclidean space and W be a subspace of
V. Then we have the assertions:

(i) W is a degenerate subspace of (V,g) if and only if null (W, g) > 0.
(ii) W is a non—degenerate subspace of (V,g) if and only if null (W, g) = 0.

Let null(W, g) = r. If r > 0 we say that (W, g) is an r—degenerate sub-
space of (V,g). According to Walker [Wal50a] the n—dimensional subspace
(W, g) is called:

partially—null , if 0 < r < n,

totally—null | if r = n,
non—null , if »r = 0.

Lemma 4.6. Let (W, g) be a partially-null subspace of a semi—Fuclidean space
(V,g). Then any complementary subspace to N(W, g) in W is non—degenerate.

Proof. Let S(W, g) be a complementary subspace to A/ (W, g) in W. Suppose
that S(W,g) is degenerate. Then there exists a non—zero vector v € S(W,g)
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such that g(v,w) = 0 for any w € S(W,g). As v € W and N (W, g) is the
null subspace of W, we have g(v,u) = 0, for any u € N (W, g). Thus v is
orthogonal to all vectors of W and hence it is a vector in N (W, g). This is
a contradiction because v # 0 and N (W, g) and S(W, g) are complementary
subspaces of W. Therefore, S(W, g) must be non—degenerate. [

A complementary subspace to N (W, g) in a partially-null subspace W
of (V,g) is called a screen subspace. Later on, in Sections 1.8 and 3.5 we
shall see that screen subspaces are fibers of some distributions which play an
important role in studying degenerate distributions (resp. foliations).

Finally, we define the light—like (null) cone of a proper semi—Euclidean
space (V,g) as the set A of all light-like vectors in V, that is, we have

A={veV\{0}:g(v,v) =0}

Clearly A is not a subspace of V, but it contains N (W, g) \ {0} for any dege-
nerate subspace W of (V, g).

Example 4.1. Let IR™ be the space of m—tuples (z!,...,2™) = x of real
numbers. For any 0 < ¢ < m define g : R™xR"™ — R by

q m
gz, y) = => a'y'+ > 2y’ (4.9)
t=1 s=q+1

Then IR;" = (IR™, g) is a proper semi—-Euclidean space of index ¢. In particu-
lar, IRY" is a Lorentz (Minkowski) vector space with g given by

g(z,y) = —a'y' +> 2y (4.10)
s=2

Finally, IR™ becomes a Euclidean space with respect to the usual inner pro-
duct

g(z,y) =Y =y’ (4.11)
s=1

Example 4.2. Consider in R} the subspaces:
W ={zeR":z" + 2%+ 2% +2* =0},
W' ={zxecR":z! =22},
W’ ={zeR": 2! =22, 23 =2*=0}.

Then it is easy to see that W, W’ and W' are non—null, partially-null and
totally—null subspaces of IR‘ll, respectively. Moreover, we have
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NW',g)=W",

and
AnNW' =w"\ {0},

where A is the light-like cone of IR}, i.e., we have

A={z € RA\{0}: —(#)? + (#2) + ()2 + ()2 = 0}. -

Now, we extend the above concepts to distributions and manifolds. Let
M be an (n + p)-dimensional manifold endowed with an n-distribution D.
Denote by L?(D,,IR) the real vector space of all symmetric bilinear mappings
gz - DpxD, — IR. Then we consider the vector bundle

LA(D,R) = | J L2(D., R),
zEM

over M, and give the following definition. A semi—Riemannian metric of
index ¢ on D is a smooth section g : © — g, of L?(D,IR) such that each g,
is non—degenerate of index g on D, for all x € M. When g = 0, that is g, is
positive definite for any x € M, we say that ¢g is a Riemannian metric on
D. According to this terminology for the metric, we say that (D, g) is a semi—
Riemannian distribution of index ¢, and when ¢ = 0 it is a Riemannian
distribution. Finally, if ¢ = 1 we say that (D, g) is a Lorentz distribution.
We note that if not stated otherwise, the theory is developed regardless of the
integrability of D.

If in particular D = T'M, then g becomes a semi—Riemannian metric
on M and (M,g) is called a semi—Riemannian (pseudo—Riemannian)
manifold (cf. O’Neill, [083], p. 54) of index ¢. In case ¢ = 0 (resp. ¢ = 1),
(M, g) is said to be a Riemannian manifold (resp. Lorentz manifold).
When 0 < ¢ < n+p we call (M, g) a proper semi—Riemannian manifold.
In this case each pair (T, M, g, ) is a proper semi—Euclidean space of constant
index gq.

We discuss next the non—linear counter—part of the algebraic study con-
sidered in the first part of this section. This takes us to the theory of non—
holonomic manifolds as substructures of semi—Riemannian manifolds. More
precisely, we consider an n—distribution D on an (n + p)—-dimensional semi—
Riemannian manifold (M, g). Then g induces a global section of L2(D,1R)
which we denote by the same symbol g. Two important cases will be con-
sidered in our study. One is when (D, g) is a semi—Riemannian distribution
on M and the other one is when each D, is an r—degenerate subspace of the
semi-Euclidean space (T,,M, g,.) for all x € M. In the latter case we say that
(D, g) is an r—degenerate distribution on M. This case occurs only when
(M, g) is a proper semi—Riemannian manifold. When (M, g) is a Riemannian
manifold then any (D, g) is a Riemannian distribution.
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Now, let (M, g) be a semi-Riemannian manifold and (D, g) be a semi-Rie-
mannian distribution on M. Then we consider the vector bundle

Dt = |J Dy,
xeM

where D} is the complementary orthogonal subspace to D, in (T, M, g,).
By Lemma 4.3 we deduce that g induces a semi-Riemannian metric ¢’ on
D+, and therefore (D, ¢) is a semi-Riemannian distribution too. Thus in
this case we may consider D' as transversal distribution to D and study this
geometric structure by using some natural linear connections (cf. Sections 1.5,
1.6, 1.7). When (D, g) is an r—degenerate n—distribution, the construction of
a transversal distribution seems to be more difficult to achieve. When r < n
(resp. r = n), D, is a partiallynull (resp. totally-—null) subspace of T,,M for
any x € M, so we call D a partially—null (resp. totally—null) distribution
on (M, g).

1.5 Intrinsic and Induced Linear Connections
on Semi—Riemannian Distributions

Let M be an (n+p)—dimensional manifold and D be an n—distribution on M.
Suppose ¢ is a semi-Riemannian metric on D, that is, (D, g) is a semi—Rie-
mannian distribution on M. First we want to construct a linear connection
on D whose properties are very similar to those of the Levi-Civita connection
on a semi—Riemannian manifold. To this end we consider a complementary
distribution D’ to D in TM. Then a linear connection V on D is said to be
D'—torsion—free if its D'—torsion tensor field T vanishes on M, i.e., by (2.25)
we have

VxQY — VoyQX — Q[X,QY] =0, VX,Y € I(TM). (5.1)

Also, we say that g is D—parallel (parallel along D) with respect to V if
we have

(Vox 9)(QY,Q2)= QX (9(QY,QZ)) — 9(VoxQY,QZ)

(QV.VoxQ2) =0, ¥X.v.Zer@ym). 7

Now, we can state the following theorem.

Theorem 5.1. (Bejancu—Farran [BF05)). Let (D, g) be a semi-Riemannian
distribution on M and D’ be a complementary distribution to D in TM. Then
there exists a unique linear connection D on D satisfying the following condi-
tions:

(i) D is D' —torsion—free.
(ii) g is D—parallel with respect to D.
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Proof. Define the differential operator D : I'(TM)xI'(D) — I'(D) by

29(DoxQY,Q2)= QX (9(QY,QZ)) + QY (9(QZ, QX))
—QZ(9(QX,QY)) +g(QIQX,QY],QZ) (5.3)
—9(QIQY, QZ],QX) + 9(Q[QZ,QX],QY),
and
DqoxQY = Q[Q'X,QY], (5.4)

for any X,Y,Z € I'(TM). Tt is easy to verify that D given by (5.3) and (5.4)
is a linear connection on D that satisfies the conditions (i) and (ii). Next,
suppose that V is another linear connection on D satisfying (i) and (ii). Since
V is D'—torsion—ree, from (5.1) we deduce that

VoxQY =Q[Q'X, QY] (5.5)
and
VoxQY — VoyQX — Q[QX, QY] =0, (5.6)
for any X,Y € I'(TM). Now, by using (5.2) and (5.6) we obtain

0= (Vox 9)(QY,QZ) + (Vov9)(QZ,QX) — (Vqz9)(QX,QY)
=QRX(9(QY,Q2)) + QY (9y(QZ, QX)) — RZ(9(QX,QY))
+9(Q[QX,QY],QZ) — 9(Q[QY,QZ],QX) + 9(Q[QZ, QX],QY)
—29(VoxQY,Q2).

(5.7)

Finally, comparing (5.5) and (5.7) with (5.4) and (5.3) respectively, we con-
clude that V = D, which proves the uniqueness of D. [

In general, a linear connection V on a manifold M is called torsion—free
if its torsion tensor field vanishes, that is, we have (see (2.14))

VxY - VyX —[X,Y] =0, VX,Y € I'(TM). (5.8)

If (M, g) is a semi-Riemannian manifold then we say that g is parallel with
respect to V if we have
(Vxg)(Y.2) = X(9(Y. 2)) — 9(VxY. Z)

N (5.9)
—g(Y,VxZ)=0, VX,Y,Z e I(TM).

Corollary 5.2. Let (M, g) be a semi—Riemannian manifold. Then there exists
a unique linear connection V on M satisfying the following conditions:

(i) V is torsion-free.

(ii) g is parallel with respect to V.
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Proof. Apply Theorem 5.1 for the case D = TM. Then we have only the
trivial complementary distribution D’ = {0} and thus @ = I and Q' = 0.
Hence (5.1) and (5.2) become (5.8) and (5.9) respectively. Finally, (5.3) gives
the linear connection we are looking for, that is,

29(VxY,Z) = X(g(Y, 2)) + Y (9(2, X)) — Z(9(X,Y))

(5.10)
—l—g([X7 Y]7Z) _g([K Z]7X) —l—g([Z, X],Y),

for any X,Y,Z € I'(TM). "

The linear connection V given by (5.10) is the well known Levi—Civita
connection which was considered as a miracle of semi—Riemannian geometry

(cf. O'Neill[083], p. 60).
~ 0
The local coefficients of V with respect to the natural frame field { }

Ox®
on M can be easily obtained from (5.10). To achieve this we put:

= 0 c 0 0 0
= ) = — = |- 11
() Va% Oz {a b} Ox¢ () ga g(&x“ Bxb) (5.11)
o 0 .
Then replace X,Y and Z from (5.10) by nd —— respectively,
8xb a a xd
and by using (5.11) and taking into account that 8 i } 0 for any

a,be {1,...,n+ p}, we obtain

c _ 99ad | Ogpa  Ogab
2{ b}ng ~ Oxb + ox®  Oxd

Finally, we deduce that the well known Christoffel coefficients {ac b} for
the Levi-Civita connection on M are given by

¢\ _ 1 4(09aa | O9pa  OYab
{a b}_Qg <8xb T P (‘3xd>7 (5.12)

where g°¢ are the entries of the inverse matrix of [geq]. When D is integrable
we will get in Section 3.1 the local coefficients for the linear connection D.

Next we consider an (n+p)-dimensional semi-Riemannian manifold (M, g)
and suppose that (D, g) is a semi-Riemannian n—distribution on M. Then
(D1, g) is a semi-Riemannian p-distribution on M. Here we denoted by the
same symbol g the semi-Riemannian metrics induced by g on D and D+.
Thus we have

TM =D& D, (5.13)

According to Theorem 5.1 there exists a unique connection D (resp. D+) on
D (resp. D) satisfying the conditions from the theorem with respect to the
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decomposition (5.13). We call D and D= the intrinsic connections on D
and D+ respectively. In what follows we keep the same notations @ and @’
for the projection morphisms of TM on D and D+ respectively.

Theorem 5.3. The adapted linear connection determined by the pair of in-
trinsic connections (D, DY) is just the Vrdnceanu connection V* defined by

the Levi—Civita connection V on (M, g).
Proof. First, by using (5.3), (5.4) and (5.10) we deduce that
DxQY = QVoxQY +Q[Q'X,QY], VX,Y e I'(TM), (5.14)
where V is the Levi-Civita connection on (M, g). Similarly, it follows that
DLQY =QVoxQY +QQX,QY], VXY € I'(TM). (5.15)

Then we use (5.14), (5.15) and (2.4) and obtain (3.16), which proves that the

Vranceanu connection V* defined by V is the adapted connection determined
by (D, Dt). L]

Next by using (2.14) and (2.4) for V*, D and D+ we deduce that
Q(T™(X,QY)) = DxQY — Doy QX — Q[X,QY],

and

Q(T*(X,Q'Y)) = DxQ'Y — DgnyQ'X - Q'[X,Q'Y],
for any XY € I'(TM). These formulas together with (5.1), (5.2) and Theo-
rems 5.1 and 5.3 enable us to state the following corollary.

Corollary 5.4. The Vranceanu connection V* defined by the Levi-Civita con-
nection ¥V on (M, g) is the only adapted linear connection on M satisfying the
following conditions

(a) (VHx9)(QY,QZ) =0,  (b) (Viix9)(Q'Y,Q'Z) =0,
(c) QT (X,QY)) =0, (d) Q(T"(X,Q'Y)) =0,
forany XY, Z € I'(TM).

(5.16)

On the other hand, the Levi-Civita connection V on (M, g) induces some
linear connections on D and D+. Thus it is interesting to see if these connec-
tions coincide with the intrinsic connections on D and D+. We show that this
happens if and only if M is a locally semi—Riemannian product manifold.

First, according to (5.13) we write

VxQY = VxQY + h(X,QY), (5.17)
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and
VxQY =1(X,QY)+V%Q, (5.18)

where we set:
(a) VxQY =QVxQY, (b) VxQY =Q'VxQ', (5.19)
and
(a) h(X,QY)=Q'VxQY, (b) W(X,QY)=QVxQY,  (5.20)

for any X,Y € I'(TM). We call (5.17) and (5.18) the Gauss formulas for
the semi-Riemannian distributions (D, g) and (D, g) respectively. It is easy
to check that V and V+ are linear connections on D and D+ respectively,
while h and b/ are F(M)-bilinear mappings:

h:T[(TM)xI'(D) — I'(D*), k' :I(TM)xI'(D') — I'(D).

We call V (resp. V1) the induced connection by V on D (resp. D+). Also,
we call

h: I(D)xI'(D) — I'(DY) and h': I(D+)xI'(DY) — I'(D),
given by
(a) h(QX, QY>:QI§QXQY and

(b) K (Q'X,Q'Y)=QVo xQ'Y,

the second fundamental forms of D and D~ respectively. Next, for any
Q'X € I'(D}) and QX € I'(D) we define the F(M)-linear operators

(5.21)

Agx : I'(D) — I'(D) and Ay : (D) — I'(D*),

by
(a) Ag'xQY = —h'(QY,Q'X) and

(b) Apx @Y = ~h(Q'Y, QX).
According to the theory of submanifolds, we call Ag x and Ab ¢ the shape

(5.22)

operators of D and D+ with respect to the normal sections Q'X and QX
respectively. By using (5.9), (5.17) and (5.18) we obtain

9(h(X,QY),Q'Z) +g(h(X,Q'Z),QY) =0, VXY, ZeI'(TM). (5.23)

As a consequence of (5.21)—(5.23) we deduce that the second fundamental
forms and the shape operators of the distributions D and D’ are related by

9(h(QX,QY),Q'Z) = g(AqzQX,QY), (5.24)
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and
g(W'(Q'X,Q'Y),QZ) = g(Ap,Q'X,Q'Y). (5.25)

Finally, from (5.17) and (5.18) we infer that
(a) VoxQY = VoxQY +h(QX,QY), 526
5.26
(b) VorxQY = Vo xQY — Ay Q' X,

and _
(a) VoxQ'Y = —AgyQX + V5xQ'Y,

(b) VoxQY =1 (Q'X,Q'Y) + V5 xQ'Y.

As from now on we refer only to the decomposition (5.13) dictated by the
semi-Riemannian metric g, we call the D+ (resp. D)—torsion tensor field of V
(resp. V1) simply torsion tensor field. Now, we say that g is parallel with
respect to a linear connection V’ on D, if we have

(V9)(QY,QY) = X (9(QY,QZ2)) — g(VxQY,QZ)
—g(QY,VQZ) =0, VX,Y,Z e I(TM).

(5.27)

(5.28)

Then we prove the following.

Lemma 5.5.

(i) The semi—Riemannian metric g on D is parallel with respect to the induced
connection V.
(ii) The torsion tensor field of V is given by

T(X,QY) =VoxQY - QQ'X,QY], VX,Y € I(TM).  (5.29)

(iii) D is an involutive distribution if and only if one of the following two
conditions is satisfied:
(a) The second fundamental form h of D is symmetric.
(b) The shape operator Ag z of D is symmetric with respect to g for any
Q'Z € I'(DY).

Proof. The assertion (i) follows from (5.9) by using (5.19a) and (5.28) for
V. Next by using (5.19a) in (2.25) and taking into account (5.8) we obtain
(5.29). Finally, (5.21a) and (5.8) imply

which proves that D is involutive if and only if the second fundamental form

of D is symmetric. The equivalence of (iiia) and (iiib) is a consequence of
(5.24). .
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We note that when D is an integrable distribution then h defined by (5.21a)
determines the second fundamental form for any local leaf M* of D. Recall
from the theory of submanifolds that M* is totally geodesic at a point
x € M*, if for every v € T, M* the geodesic % = z%(t) of M determined by
(z,v) lies in M* for small values of the parameter ¢. If M* is totally geodesic
at every point, then it is called a totally geodesic submanifold of M. It is
proved that M™ is totally geodesic if and only if its second fundamental form
vanishes identically on M* (cf. O’Neill [083], p. 104).

Now, from (5.29) we deduce that the induced connection V on D, in gen-
eral, is not torsion—free, so it does not coincide with the intrinsic connection
D on D. The following theorem sheds more light on this issue.

Theorem 5.6. Let (D, g) be a semi—Riemannian distribution on the semi-
Riemannian manifold (M, g). Then the following assertions are equivalent:

(i) The induced connectionV coincides with the intrinsic connection D on D.
(ii) The second fundamental form h of D vanishes identically on M.
(iii) D is integrable and its local leaves are totally geodesic immersed in (M, g).

Proof. By Theorem 5.1 we know that D is the only linear connection on D
which is torsion—free and with respect to which g is D—parallel. Taking into
account that g is also D—parallel with respect to V (cf. (i) of Lemma 5.5), and
by using (5.29) and (5.19a) we deduce that V = D if and only if

QVoxQY =QIQ'X,QY], VXY € I(TM). (5.30)

Next, by using (5.10) we compute 2g(Q§Q/XQY, QZ) and infer that (5.30) is
equivalent to

Q'X(9(QY,Q2)) —g([Q'X,QY],QZ) — ¢(|QY,QZ],Q'X)

+9([QZ,Q'X],QY) =0, VX,Y,Z € I'(TM). (5.31)
By using (5.8) and (5.9) we deduce that (5.31) is equivalent to
9(VoyQZ,Q'X) =0, VX,Y,Z e I'(TM). (5.32)
From (5.32), by using (5.20a), we obtain that V = D if and only if
WMQY,QZ) =0, VY,Z e ['(TM), (5.33)

which proves the equivalence of (i) and (ii). Finally, by using the assertion (iiia)
of Lemma 5.5 we deduce that (5.33) is satisfied if and only if D is integrable
and its local leaves are totally geodesic immersed in (M, g). This proves the
equivalence of (ii) and (iii) and completes the proof of our theorem. "

Theorem 5.7. The adapted linear connection determined by the pair of in-
duced connections (V, V1) is just the Schouten—Van Kampen connection V°
defined by the Levi—Civita connection V on (M, g).
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Proof. The assertion follows by using the coordinate—free form (3.15) of the
Schouten—Van Kampen connection and (5.19). n

Now we define two classes of manifolds that are going to be studied in
detail in Chapter 4. When both distributions D and D~ are integrable, we
say that M is a locally product manifold. If moreover, the local leaves of
D and Dt are totally geodesic immersed in (M, g) then we say that M is a
locally semi—Riemannian product.

Next, we note that Theorem 5.6 is also true for (D*,g). Then taking
into account Theorems 5.6, 5.3 and 5.7 we obtain the following interesting
characterization of locally semi-Riemannian products.

Theorem 5.8. Let (D, g) and (D+, g) be two complementary orthogonal semi—
Riemannian distributions on the semi-Riemannian manifold (M, g). Then M
is a locally semi—Riemannian product with respect to the decomposition (5.13)
if and only if the Schouten—Van Kampen and Vrdnceanu connections defined
by the Levi—Civita connection on (M, g) coincide.

As, in general, the second fundamental form A of D is not symmetric (cf.
assertion (iii) of Lemma 5.5) we define the symmetric second fundamental
form h® of D by

1
H(QX,QY) = J(h(@QX,QY) + h(QY,QX)), ¥X,Y € [(TM).  (5.34)
Also, we say that a vector field X on M is a D-Killing vector field if

(Lx 9)(QY,QZ) = g(Voy X, QZ) + g(VozX,QY) = 0, (5.35)

for any Y, Z € I'(TM), where L is the Lie derivative on M.

Now, we remark that, in general, g is not parallel with respect to any of
the intrinsic connections D and D+ on D and D respectively. More precisely,
we have

Theorem 5.9. Let (D, g) be a semi-Riemannian distribution on the semi-
Riemannian manifold (M, g). Then the following assertions are equivalent:

(i) g is parallel with respect to the intrinsic connection D on D.
(il) Q' X is a D-Killing vector field, for any X € I'(TM).
(iii) The symmetric second fundamental form of D vanishes identically on M.

Proof. Since g is D-parallel with respect to D (see (ii) of Theorem 5.1), we
deduce that g is parallel with respect to D if and only if it is D —parallel with
respect to D, that is,

Then by using (5.4), (5.8) and (5.9) we infer that (5.36) is equivalent to
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0=Q'X(9(QY,Q2)) - g(IQ'X,QY],QZ) - g(QY,[Q'X,QZ])
= 9(VoxQY,QZ) + g(QY. Vo xQZ) — 9(VoxQY,QZ)
+9(VovQ'X,QZ) — g(QY, Vo xQZ) + g(QY, VozQ'X)
= 9(VorQ'X,Q2) + g(QY, VozQ'X).

Thus by (5.37) and (5.35) we obtain the equivalence of (i) and (ii). Finally,
by using (5.9), (5.21a) and (5.34) we deduce that (5.37) is equivalent to

0=9(Q'X,VoyQZ + VozQY) = 29(Q' X, h*(QY,QZ)),

which completes the proof of the theorem. [

(5.37)

So far we have obtained characterizations of two important classes of dis-
tributions on (M, g). More precisely, one class concerns semi-Riemannian dis-
tributions (D, g) for which V = D. The second deals with semi-Riemannian
distributions for which ¢ is parallel with respect to the intrinsic connection.
These two classes can be related as follows.

Theorem 5.10. Let (D, g) be a semi-Riemannian distribution on the semi-
Riemannian manifold (M, g). Then the following assertions are equivalent:

(i) The induced connection'V coincides with the intrinsic connection D on D.
(ii) The induced connection V on D is torsion—free.
(iii) D is integrable and g is parallel with respect to D.

Proof. (i) = (ii). As D is torsion—free, it follows that V must be torsion—free
too. (ii) = (i). Since V is torsion—free and g is parallel with respect to V
(cf. (i) of Lemma 5.5), by uniqueness of D stated by Theorem 5.1 we obtain
V = D. (i) <= (iii). By assertion (iiia) of Lemma 5.5 and Theorem 5.9 we
deduce that the assertion (iii) of the theorem holds if and only if the second
fundamental form h of D vanishes identically on M. Then apply Theorem 5.6
and obtain the equivalence of (i) and (iii). n

Next, by direct calculations using (2.14) and (5.29) for both D and D+ we
deduce that
T°(Q'X,QY) =T(X,QY) - TH(Y,Q'X), VX,Y e (TM),  (5.38)

where T°,T and T+ are the torsion tensor fields of V°,V and V+ respectively.
Moreover, by using (2.14), (3.15) and (5.8) we obtain

T°(QX,QY)=T°(Q'X,Q'Y)=0, VX,Y € I'(TM). (5.39)
Theorem 5.11. Let V° be the Schouten—Van Kampen connection defined

by the Levi—-Civita connection vV on (M, g) with respect to the decomposition
(5.13). Then the following assertions are equivalent:
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(i) V° coincides with V.
(ii) V° is torsion—free.
(iii) Both induced connections are torsion—free.

Proof. (i)=>(ii). As V is torsion—free, it follows that V° is torsion—free too.
(ii)==(i). Since g is parallel with respect to both V and V* (cf. (i) of Lemma
5.5) we have

(Vx9)(QY,QZ) = (Vx9)(Q'Y,Q'Z) =0, VX.,Y,Z € I'(TM).

Also, taking into account that V° is an adapted connection to the decompo-
sition (5.13) we obtain

(V%9)(Q'Y,QZ)=0, VX,Y,Z € I'(TM).

Hence V° satisfies both (5.8) and (5.9) and by uniqueness of V from Corollary

5.2 we must have V° = V. Finally, the equivalence of (ii) and (iii) follows from
(5.38) and (5.39). n

Taking into account Theorems 5.8, 5.10 and 5.11 we state the following.

Theorem 5.12. Let (D,g) and (D*,g) be two complementary orthogonal
semi—Riemannian distributions on the semi-Riemannian manifold (M, g). If
%,VO and V* represent the Levi—Civita, Schouten—Van Kampen and Vran-
ceanu connections respectively, then the following assertions are equivalent:

(i) M is a locally semi—Riemannian product with respect to the decomposition

(5.13).
(ii) VO =V~
(iii) V° = V.
(iv) V* = V.

From Theorem 5.10 we see that the condition V = D on D is stronger
than the condition for g being parallel with respect to D. The latter condi-
tion was first introduced by Reinhart [Rei59a] for foliated manifolds, that is,
D+ is supposed to be an integrable distribution. A Riemannian (semi-Rie-
mannian) metric satisfying this condition was called a bundle—like metric
and it was intensively studied by several authors (see Tondeur [Ton97] for
references, and Section 3.3 for more details). It is interesting to see whether
bundle-like metrics can be found on a non—holonomic semi-Riemannian ma-
nifold (M, g,D,D+), that is, when none of the distributions D and D+ is
integrable. The next example shows that the answer is in the affirmative.

Example 5.1. Let (IR4, g) be the 4-dimensional Euclidean space with g given
by (4.11) for m = 4. We define the open submanifold M of IR* by

M = {(z', 2%, 23 %) ¢ R*: 22% — (2)? > 0},
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where (21,22, 23, 2%) is a rectangular coordinate system on IR*. Then on the
Riemannian manifold (M, g) we consider the distributions D and D+ spanned
by

0 0 0 0 0 0
{X1:+L+.’I}1 ,?XQZ@—‘F.’LJ@—L }7

ozt Ox? Ox3 O3
and
0 0 0 0 0 0
Y = —_— — L — ! ) Y - — ! L ’
{ LT 0a? art " 9zt T aa3 U aat + 83@4}

respectively, where L = /223 — (z1)2. It is easy to see that D and D+ are
complementary orthogonal Riemannian distributions on (M, g). Moreover,
none of them is involutive, so by Frobenius Theorem (see Theorem 2.1.7)
they are not integrable. However, we show that ¢ is parallel with respect to
the intrinsic connection D on D. To this end we first note that we should
verify only (5.36). Taking into account that {X;, X5} is an orthogonal basis
in I'(D), from the first equality in (5.37) we deduce that g is parallel with
respect to D if and only if

g([}/;le]vXQ) +g([}/;vX2]aX1) = 07 (S {172}

By direct calculations it follows that these equalities are satisfied and hence
g is a bundle-like metric on M. Thus this is an example of a bundle-like
metric on a Riemannian manifold (M, g) endowed with two complementary
orthogonal non-integrable distributions. [

1.6 Fundamental Equations for Semi—Riemannian
Distributions

Let (M, g) be a semi-Riemannian manifold endowed with two complementary
othogonal distributions D and D+. In the previous section we constructed the
intrinsic connections D and D on D and D' respectively and proved that
the pair (D, D+) determines the Vranceanu connection V* (cf. Theorem 5.3).
Also, the Levi—Civita connection V on (M, g) induces two linear connections V
and V+ on D and D+. Moreover, the pair (V, V1) determines the Schouten—
Van Kampen connection V° (cf. Theorem 5.7).

In the present section we first relate the curvature tensor of V to the
curvature tensors of V,V+ and V°. Then we obtain equations connecting
curvature tensors of the Schouten—Van Kampen and Vranceanu connections.
As a consequence we deduce the equations which relate the curvature tensors
of V and V*.

The theory we develop here is done in the general situation when none of
the distributions D and D+ is supposed to be integrable. First, by using the
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linear connections V, V+ and V° we define the covariant derivatives of h and
R’ given by (5.20) as follows:

(VxI)(Y,QZ) = Vx(h(Y,QZ)) — h(VY,QZ) — h(Y,VxQZ),  (6.1)
(VxW)(Y,Q'Z) =Vx(W(Y,Q'Z)) - W(VXY,Q'Z) — h(Y,VxQ'Z), (6.2)
for any X,Y,Z € I'(TM). Denote by R,R and R* the curvature tensors

of the linear connections %,V and V' respectively, and by T° the torsion
tensor field of the Schouten—Van Kampen connection V°. Then we state the

following.

Theorem 6.1. Let (D, g) and (D+, g) be two complementary orthogonal semi—
Riemannian distributions on the semi—Riemannian manifold (M, g). Then we
have the following equations:

(i) D-Gauss Equation:
9(R(X,Y)QZ,QU) = g(R(X,Y)QZ,QU) + g(h(X,QZ), h(Y,QU))

(6.3)
—9(h(Y,QZ),h(X,QU)),
(ii) D-Codazzi-Equation:
9(R(X,Y)QZ,QU) = g(Vkh)(Y,QZ) - (V$h)(X,QZ),QU) (6.4)
+9(MT°(X,Y),QZ2),Q'U),
(iii) D+ -Gauss Equation:
g(R(X,Y)Q'Z,QU)=g(R(X,Y)Q'Z,QU)+g(N (X,Q'Z), W (Y.QU)) 6.5)
—g(W(Y,Q'Z), ' (X,Q'U)),
(iv) D+ ~Codazzi Equation:
9(BX.Y)Q'Z,QU) = g(Vxh)(Y.Q'Z) - (Vy)(X.Q'2).QU) o o
+9(W(T°(X,Y),Q'Z),QU),
forany XY, Z, U € I'(TM).
Proof. By using the Gauss formulas (5.17) and (5.18) we deduce that
VxVyQZ = VxVyQZ +h(X.VyQZ) + K(X.h(Y.QZ) (.
+ VX (h(Y, Q7). '
On the other hand, (5.17) and (2.14) for V° imply
VixnQZ = Vixy)QZ + h(VLY.Q2) ~h(V3X.QZ) oo

—h(T°(X,Y),Q2).



1.6 Fundamental Equations for Semi-Riemannian Distributions 35

Then using (6.7), (6.8) and (6.1) we obtain

R(X,Y)QZ = [Vx,Vy|QZ — Vixy)QZ
= {R(X,Y)QZ + I (X, h(Y,QZ))

6.9
—h(Y h(X,Q2))} + {(Vxh)(Y,QZ) (09
—(Vyh)(X,Q2) + MT°(X,Y),QZ)}.
Taking the D+ — and D components in (6.9) we obtain (6.4) and
a(RXY)QZQU) = g(RX.Y)QZQU) +a(W (X, h(Y.QD).QU) ¢ 10

—g(W(Y, h(X,QZ%)),QU).

Finally, we use (5.23) in (6.10) and obtain (6.3). In a similar way we deduce
that

R(X,Y)Q'Z ={(VxW)(Y,Q'Z) — (VyI')(X,Q'Z)
+H(T°(X,Y),Q'Z)} + {RH(X,Y)Q'Z (6.11)
+h(X,H(Y,Q'Z)) — h(Y, M (X,Q'Z))}.

Then (6.5) and (6.6) follow from (6.11) by taking the D+~ and D-components
respectively. n

We call (6.3)—(6.6) the fundamental equations of the pair of distribu-
tions (D, D*) on (M, g). We note that (6.4) and (6.6) are equivalent to each
other. To see this we first prove the following lemma.

Lemma 6.2.

(i) The covariant derivatives of h and h' are related by

g(Vxh)(Y,QZ),Q'U) + g((Vxh')(Y,Q'U),QZ) = 0. (6.12)

(ii) The torsion tensor field T° of Schouten—Van Kampen connection is given

by
T°(X,Y) ={r(Y,Q'X) - M(X,QY)}

(6.13)
+ {A(Y,QX) — h(X,QY)}.
(iii) The torsion tensor field T* of Vranceanu connection is given by
T™(X,V)={V(QY,QX)-h(Q'X,QY)} (6.14)

+{h(QY,QX) — h(QX,QY)}.
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Proof. The assertion (i) follows by direct calculations using (5.23) and taking
into account that g is parallel with respect to both V and V+ (cf. (i) of Lemma
5.5). Next, by using (5.17)—(5.20) and (3.15) we deduce that

VxY = V%Y +h(X,QY) +1'(X,QY), VX,Y € I'(TM). (6.15)
Then (5.8) and (6.15) imply
T°(X,Y) = (V&Y — VxY) - (V3 X — Vy X)
=h(Y,QX) + M (Y,Q'X) — h(X,QY) — M'(X,Q'Y),
which proves (6.13). Finally, by using (3.15), (3.16), (5.20) and (5.8) we obtain
VY = ViY +h(QY,QX) + ' (QY,Q'X), VX,Y € I(TM).  (6.16)

Then by using (6.13) and (6.16) we obtain (6.14). n

Now, as a consequence of (5.23) we obtain
g(h(T°(X,Y),QZ),QU) + gl (T°(X,Y),QU),QZ) =0.  (617)

Then, using (6.12) and (6.17) in the right part of (6.4) and taking into account
that R satisfies

9(R(X,Y)QZ,Q'U) + g(R(X,Y)Q'U,QZ) = 0,

we deduce the equivalence of (6.4) and (6.6).

Theorem 6.3. The curvature tensor fields R and R° of the Levi—Clivita con-
nection V and of the Schouten—Van Kampen connection V° are related by

R(X,Y)Z = R°(X,Y)Z + W(X,h(Y,QZ)) — K'(Y, h(X,QZ))
+1(T°(X,Y),Q'Z)+ h(X,h(Y,Q' Z))
—h(Y, (X, Q'Z)) + WT°(X,Y),Q2) (6.18)
+ (V) (Y.Q'Z) — (Vy ) (X,Q'Z)
+(Vxh)(Y,QZ) — (Vyh)(X,QZ),
forany XY, Z € I'(TM).

Proof. As V° is the adapted connection determined by the pair (V, V1) (cf.
Theorem 5.7), by using (2.4) we deduce that

V&Y = VxQY +VxQ'Y, VX,Y € I'(TM). (6.19)

This implies
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R°(X,Y)Z =R(X,Y)QZ + RL(X, Y)Q’Z, VXY, ZeI'(TM). (6.20)

Then adding (6.9) and (6.11), and taking into account (6.20) we obtain
(6.18). .

Next, by using the Vranceanu connection we define the following covariant
derivatives for h and h':

(Vxh)(Z,QY) = Vi (hZ,QY)) = h(Vx Z,QY) = h(Z,VXQY),  (6.21)

(VEI)(Z,QY) = V(W (Z,Q'Y)) ~ W(Vi Z,Q'Y) — hZ,V%Q'Y), (6.22)

for any X,Y,Z € I'(TM). Then we denote by R* the curvature tensor field
of the Vranceanu connection V* defined by the Levi—-Civita connection V on
(M, g) and prove the following.

Theorem 6.4. The curvature tensor fields R and R+ of the induced connec-
tions V and V+ are related to R* by the following equations:

R(X,Y)QZ = R*(X,Y)QZ + (Vxh)(QZ,Q'Y)
—(Vih)(QZ,Q'X) + W (W (QZ,QY),Q'X) (6.23)
- h/(h/(QZ7 Q/X)7 Q/Y) + h’/<QZa Q/T* (X7 Y))7
and
RH(X\Y)Q'Z = R*(X,Y)Q'Z + (VX h)(Q'Z,QY)
—(Vih)(Q'Z,QX) + h(h(Q'Z,QY),QX) (6.24)
- h(h(Q/Z, QX)v QY> + h(QlZa QT* (X7 Y)),
forany XY, Z € I'(TM).
Proof. By using (5.19a), (5.20b), (5.8) and (3.16) we deduce that
VyQZ =ViQZ + 1(QZ,Q'Y), VY, Z e I['(TM). (6.25)
Then by direct calculations using (6.25) we obtain

R(X,Y)QZ = R*(X,Y)QZ + I (V4QZ,Q'X)
—W(VxQZ,QY) + Vi (M(QZ,Q'Y))
- Vy(W(Q2,Q'X)) + 1'(h(QZ,QY), Q'X)
— W (W(QZ,Q'X),Q"Y) - 1(QZ,Q'X,Y]).

(6.26)

Using (2.14) and taking into account that V* is an adapted linear connection
on M with respect to the decomposition (5.13) (see (iii) of Theorem 2.2), we
infer that
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QX Y]=Q'(VxY) - Q(VyX) - Q(I"(X,Y))
=ViQY -ViQ'X - Q(T*(X,Y)).

Now, we use (6.27) in the last term of (6.26) and via (6.22) we obtain (6.23).
In a similar way (6.24) follows. "

(6.27)

By adding (6.23) and (6.24) and then using (6.20) we obtain the following
corollary.

Corollary 6.5. The curvature tensors R° and R* of the Schouten—Van Kam-
pen and Vranceanu connections are related by

R°(X,Y)Z = R*(X,Y)Z + (Vih)(QZ,Q'Y)
— (Vi h)(QZ,Q'X) + (Vxh)(Q'Z, QY)
—(Vih)(Q'Z,QX) + 1'(W(QZ,QY),Q'X)
— W (W (QZ,Q'X),QY) + h(h(Q'Z,QY),QX)
—h(h(Q'Z,QX),QY) + 1(QZ,QT"(X,Y))
+h(Q'Z,QT"(X,Y)),

forany XY, Z € I'(TM).
Finally, combining Theorem 6.3 with Corollary 6.5 we state the following.

(6.28)

Corollary 6.6. The curvature tensors R and R* of Levi—Clivita and Vrancea-
nu connections are related by

R(X,Y)Z = R*(X,Y)Z + (Vi I)(QZ,Q'Y)

- (V¥R )(QZ,Q'X) + (Vxh')(Y,Q'Z)

—(Vyh)(X,Q'Z) + (Vxh)(Q'Z,QY)

—(Vih)(Q'Z,QX) + (Vxh)(Y,QZ)

—(Vyh)(X,QZ) + ' (M (QZ,Q'Y), Q'X)
—W(M(QZ,Q'X),QY) + I(X,h(Y,QZ)) (6.29)
—W (Y, h(X,QZ)) + W (QZ,Q'T*(X,Y))
+0'(T°(X,Y),Q'Z) + h(h(Q'Z,QY ), QX)
—h(h(Q'Z,QX),QY) + h(X,N(Y,Q' Z))
~h(Y,F(X,Q'Z)) + h(Q'Z,QT*(X,Y))
+h(T°(X,Y),QZ),

for any X,Y, Z € I'(TM).
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We note that a different approach for studying semi-Riemannian distri-
butions and submersions (see the definition in Section 2.1) was developed by
Gray [Gra67] and O’Neill [O66]. Their study is based on two tensor fields T'
and A of type (1,2) on M given by

TxY = Q'VoxQY + QVqoxQ'Y, (6.30)
and _ B
AxY = QVoxQ'Y + Q'Vy xQY, (6.31)
for any X,Y € I'(TM). By using (5.20) we deduce that
TxY = h(QX,QY) + K (QX,Q'Y), (6.32)
and
AxY = (Q'X,Q'Y) + h(Q'X,QY). (6.33)

Now, we add (6.32) and (6.33) and obtain
TxY + AxY = h(X,QY) + I (X,Q'Y). (6.34)

Thus by using (6.15) and (6.34) we obtain
VxY = V&Y + TxY + AxY, VX,Y € I'(TM), (6.35)

which relates the Levi-Civita and Schouten—Van Kampen connections on
(M, g) via the tensor fields T and A. Moreover, (6.16) becomes

Y = ViY + Aoy QX + Toy Q' X. (6.36)

Therefore all the relations between curvature tensor fields of the linear con-
nections we defined on M, D and D+ can be expressed in terms of 7" and A.
As an example we will transform (6.18) into such a formula. First from (6.35)
we deduce that

VxVyZ = V4VeZ 4+ V& (Ty Z) + V4 (Ay Z) + Tx (V5 Z)

+Ax (V9 2) + Tx(Ty Z) + Ax (Ty Z) + Tx (Ay Z) + Ax (Ay Z). (6.37)

Also, by using (6.35) and taking into account that V° has torsion tensor field
T°, we obtain

V[)Qy}Z = v([)X,Y]Z + T[X,y]Z + A[X7y]Z
= va,Y]Z + Tvg(yZ — TV;XZ - TTO(X,Y)Z (638)
+Av§{yZ — Av;xZ — ATo(X’y)Z.
Next, by using V° we define covariant derivatives of T' and A as follows:

(VxT)yyZ =Vx(TyZ) - Tvs v Z — Ty (VX Z), (6.39)
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and

(Vx Ay Z =Vx(AyZ) — Avs v Z — Ay (Vi 2). (6.40)
Then by direct calculations using (6.37)—(6.40) we obtain

R(X,Y)Z = R(X,Y)Z + (V&T)y Z — (VoT)x Z + (V4 A)y Z
— (VYA XxZ+Tx(IvZ) - Ty(ITxZ)+ Ax(Iv Z) — Ay (Tx Z)
+Tx(AyZ) — Ty (AxZ)+ Ax(Ay Z) — Ay (Ax Z)

+ Tro(xo Z + Age(xyyZ, VX, Y, Z € D(TM),

(6.41)

which is not simpler than (6.18). However if we introduce a new tensor field
B of type (1,2) on M by

B(X,Y)=h(X,QY) + I(X,Q'Y)=TxY + AxY,  (6.42)

for any X,Y € I'(TM), then we can find a simpler relation than both (6.18)
and (6.41). More precisely, by similar calculations we obtain the following
formula

R(X,Y)Z =R°(X,Y)Z+ (VB)(Y,Z) - (VyB)(X, Z)

(6.43)
+ B(X,B(Y, 7)) - B(Y, B(X, Z)) + B(T°(X,Y), Z),

for any X,Y,Z € I'(TM), where the covariant derivative of B is given by
(VX B)(Y, Z) = Vx(B(Y, Z)) - B(VXY, Z) - B(Y, VX Z). (6.44)
From (6.42) and (6.44) we deduce that

(V& B)(Y,Z) = (Vxh)(Y,QZ) + (VxI')(Y,Q'Z)

’ ) (6.45)
=(VTD)yZ + (VX Ay Z.
Finally, we remark that (6.43) is useful when we work with the Schouten—Van
Kampen and Levi-Civita connections. However, (6.18) is more efficient when
the work concerns one of the distributions D and D+.

1.7 Sectional Curvatures of a Semi—Riemannian
Non—Holonomic Manifold

Let (M,g,D) be a semi-Riemannian non-holonomic manifold, that is, g is
a semi-Riemannian metric on M and D is a non-integrable semi-Rieman-
nian distribution on M. We show here that the restriction of the curvature
tensor field R* of the Vrianceanu connection V* = (D,D1) to I'(D) has
the same properties as the curvature tensor R of Levi-Civita connection V
on (M,g), provided that g is parallel with respect to D. As a consequence
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we define the Vranceanu sectional curvature of (M, g, D) and prove that it
determines R*. Then R* turns out to be as in (7.15) when (M, g,D) is of
constant Vranceanu sectional curvature c. We also define the Schouten—Van
Kampen sectional curvature of (M, g, D) and study the relationship between
these sectional curvatures and the sectional curvature of the ambient mani-
fold. Finally, we find a large class of Riemannian non—holonomic manifolds of
positive constant Vranceanu sectional curvature.

Throughout this section we suppose that the semi-Riemannian metric g of
(M, g,D) is parallel with respect to the intrinsic connection D on D. By the
assertion (iii) of Theorem 5.9, this occurs if and only if the second fundamental
form h of D satisfies

hMQX,QY) + h(QY,QX) =0, VX,Y € I'(TM). (7.1)

Since D is just the restriction of the Vranceanu connection V* to D we say, in
this case, that g is Vranceanu—parallel on D. By Example 5.1 we see that
D is not necessarily integrable.

Now, we consider the Vranceanu connection V* induced on M by the
Levi-Civita connection V on (M, g). Then we recall the Bianchi 1 identity
for V* (cf. Kobayashi-Nomizu, [KN63], p. 135)

Z {(VXTHY,2)+T*(T*(X,Y),Z) - R"(X,Y)Z} =0, (7.2)
(X,Y,2)

for any XY, Z € I'(TM), where T* is the torsion of V*. Also, by means of
the curvature tensor field R* of V* we define the multilinear F'(M)-mapping

R* : I'(D)xI'(D)xI'(D)xI'(D) — F(M),
R*(QU,QZ,QX,QY) = (R (QX,QY)QZ,QU),

for any XY, Z,U € I'(TM), and call it the Vranceanu curvature tensor
field of (D, g). Some of the most important properties of R* are stated in the
next lemma.

(7.3)

Lemma 7.1. Let (M, g, D) be a non-holonomic manifold such that g is Vrdn-
ceanu—parallel on D. Then the Vranceanu curvature tensor field of D satisfies:

R*(QU,QZ,QX,QY) + R*(QU,QZ,QY,QX) = 0, (7.4)
R*(QU,QZ,QX,QY) + R*(QZ,QU,QX,QY) = 0, (7.5)
Y {R(QU.QZ.QX,QY)} =0, (7.6)

(QRZ,QX,QY)

forany XY, Z U € I'(TM).

Proof. First, (7.4) is a well known property of the curvature tensor field of
any linear connection on M. Next, by using (6.28) and (6.14) we deduce that
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R2(QX,QY)QZ = R*(QX,QY)QZ + W(QZ, Q'T*(QX,QY))
= R(QX,QY)QZ + 1h(QZ, h(QY,QX) — h(QX, QY)).

Then by (7.3) and (5.23) we obtain
9(R°(QX,QY)QZ,QU) = R*(QU,QZ,QX,QY)
+9(MQZ,QU), h(QX, QY) — h(QY, QX)).

Since g is parallel with respect to V° = (V,V*) (cf. (i) of Lemma 5.5) we
have

(7.7)

g(R°(QX,QY)QZ,QU) + g(R°(QX,QY)QU,QZ) = 0. (7.8)
Thus (7.7) and (7.8) imply
R*(QU,QZ,QX,QY) + R*(QZ,QU,QX,QY)
+9(h(QZ,QU) + h(QU,QZ), h(QX,QY) — h(QY,QX)) = 0.

Then (7.5) follows from (7.9) via (7.1). Next, from (7.2) we infer that

(7.9)

> {(VHxTHQY,QZ) + T*(T*(QX,QY),QZ)
(QX.QY.Q7) (7.10)

—R*(QX,QY)QZ} = 0.

Taking into account (6.14) we obtain T*(T*(QX,QY),QZ) = 0, since
T*(QX,QY) € I'(DY) and T*(Q'U,QV) = 0 for any U,V € I'(TM). More-
over, by using again (6.14) and taking into account that V* is an adapted
linear connection on (M, D, D), we deduce that

(VoxT*)(QY,QZ) € I'(DF).
On the other hand, we have
RY(QX,QY)QZ € I'(D),

since V* is adapted to D. Hence taking the D — and D+ — components in
(7.10) we obtain

@ > {R(QX,QY)QZ} =0,
(QX,QY,QZ)
(7.11)

b) Y. A{(VHxTH)(QY.QZ)} =0.
(QX,QY,Q2)

Then (7.6) follows from (7.11a) via (7.3). "
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Corollary 7.2. Let (M, g,D) be as in Lemma 7.1. Then R* satisfies

R*(QX,QY.QZ,QU) = R*(QZ.QU.QX,QY), (7.12)
forany XY, Z, U € I'(TM).

Proof. Denote the left hand side in (7.6) by S*(QU,QZ,QX,QY). Then by
direct calculations using (7.4) and (7.5) we obtain

=2R"(QZ,QU,QX,QY) - 2R*(QX,QY,QZ,QU),

which completes the proof of the corollary. [

Next, we consider a 2-dimensional subspace W of D, which we call a
D-plane at z € M. For any basis {u,v} of W we define

A(uvv) = g(“?“)g(vav) 79(“& U)z' (713)

As the matrix of the restriction of g to W with respect to the basis {u, v} is

[g(% u) g(u, v)]
g(u,v) g(v,v) |’

we deduce that W is a non—degenerate subspace if and only if A(u,v) # 0.
For the basis {u,v} of W we define the number

N R*(u,v,u,v
K (u/\v) - M?

provided W is non—degenerate.
If {u*,v*} is another basis of W then K*(u Av) = K*(u* Av*). Indeed, if
we have
u* =au+ v, v*=~u+dv, ad— Gy #D0,

then, by using (7.4), (7.5) and (7.13) we deduce that
R* (u*a rU*a U*7 U*) = (O[(S - ﬂ7)2R* (U, v, u, U)a
and
A(U*v 1}*) = (O[(S - /87)2A(u5 ’U).

Thus K*(u A v) is the same for any basis {u,v} of W. This enables us to
assign to any non—degenerate plane W of D, the number
_ R (’LL, v, U, U)

Ko (W) = =i (7.14)
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where {u,v} is an arbitrary basis of W. Then the Vrinceanu sectional
curvature of the semi-Riemannian non-holonomic manifold (M, g, D) is a
real-valued function K* on the set of all non—degenerate D—planes given by
(7.14). Tt is noteworthy that as in the case of semi-Riemannian manifolds,
the Vranceanu sectional curvature K* of (M, g, D) determines the curvatu-
re tensor field R* of D. To see this we first consider a 4-linear mapping
F : D, xD,xD,xD, — IR that satisfies the four identities (7.4), (7.5), (7.6)
and (7.12) which we proved for R*. We call F' a D—curvature—like mapping.
Then we state the following.

Lemma 7.3. If F(u,v,u,v) = 0 for any u,v € D, spanning a non—degenerate
D-plane, then F = 0.

The proof of this lemma is based on the four algebraic identities satisfied
by F', and follows the same lines as the proof of Proposition 4.1 in O’Neill
[083], p. 78. For this reason we will omit it here. The following corollary is a
straightforward consequence of Lemma 7.3.

Corollary 7.4. Let F be a D-curvature-like mapping such that

F(u,v,u,v)

K*(uhv) = Alu,0)

whenever {u,v} spans a non—degenerate D—plane. Then at any x € M we
have
R*(u7 U? w7 Z) = F(u7 /U7 w7 Z)7

for any u,v,w, z € D,.
If the Vranceanu sectional curvature function K* is a constant on M, then
we say that the non—holonomic manifold (M, g, D) is of constant Vrancea-

nu curvature. In this case the Vranceanu curvature tensor field has a special
form as it is stated in the next theorem.

Theorem 7.5. Let (M, g, D) be a semi-Riemannian non-holonomic manifold
of constant Vranceanu curvature c. Then the Vranceanu curvature tensor field
R* of D has the form

R (QX,QY,QZ,QU) = {g(QX,QZ)g(QY,QU)

(7.15)
-9(QX,QU)g(QY,QZ)},

forany XY, Z U € I'(TM).

Proof. Denote the right hand side in (7.15) by F(QX,QY,QZ,QU). Then it
is easy to check that F' is a D—curvature—like mapping. Moreover, we have
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L _ FlQX,0Y,QX,qY)
T ARX.QY)

for any {QX, QY } that spans non—degenerate D—planes. Thus (7.15) follows
from Corollary 7.4. [

b

In a similar way as the above theory was developed for the Vranceanu
connection V* we may proceed with a theory for the Schouten—Van Kampen
connection V°. We remark that in this case (7.6) and therefore (7.12) are
not satisfied by R°. Thus we define the Schouten—Van Kampen sectional
curvature K° of (M, g, D) by a formula as in (7.14), that is,

K°(W) = B (u,0,u,v) (7.16)
T Alwv) '
but we can not claim that K° determines R° on D. This is another reason
for saying that the Vranceanu connection is more intimately related to the
geometry of non—holonomic manifolds.

Now, we denote by K the sectional curvature of the semi—Riemannian
manifold (M, g) defined by similar formulas as (7.14) or (7.16) but using the
curvature tensor field R of the Levi-Civita connection on (M, g) (see O’Neill
[O83], p. 77). Then we can relate K,K* and K° as in the next theorem.

Theorem 7.6. Let (M, g, D) be a semi—Riemannian non—holonomic manifold
such that g is Vranceanu—parallel on D. Then we have the following equalities:

9(h(QX, QY), h(QX, QY))

K(W) =K°(W) - AR Q7] , (7.17)
0 _ g g(h(QX,QY), h(QX, QY))
K°(W) = K*(W) — 2 X o) : (7.18)
Sy e 9(h(QX,QY),h(QX,QY))
K(W)=K*(W)-3 AR aT) , (7.19)

where {QX, QY } is an arbitrary basis of the non—degenerate D—plane W.
Proof. Replace (X,Y,QZ, QU) from (6.3) by {QX,QY,QY,QX} and obtain

=) — Ko 9(h(QX, QY), h(QY, QX)) — g(h(QY, QY), h(QX, QX))
K(W)=K°(W)+ AOX.0Y) :

Then taking into account (7.1) we obtain (7.17). Similarly, from (6.23) we
deduce that

o g g(M'(QY,Q'T*(QX,QY)),QX)
K°(W) = K*(W) + SO, a7) . (7.20)
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Now, by using (5.23), (6.14) and (7.1) we infer that

g(W(QY, Q'T*(QX,QY)), QX)
= —g(h(QY,QX),Q'T*(QX,QY))
= —g(=h(QX,QY), =2h(QX, QY))
= —29(h(QX,QY), h(QX, QY)).

Thus by using (7.21) in (7.20) we obtain (7.18). Finally, (7.19) follows by using
(7.18) into (7.17). n

(7.21)

Remark 7.1. As far as we know, O’Neill [066] obtained first the equality
(7.19) for the particular case of Riemannian submersions. The same equality

was mentioned for foliations with bundle-like metrics (see (5.38¢) in Tondeur
[Ton97]. "

Now, suppose that (M, g,D) is a Riemannian non-holonomic manifold.
This means that (D, g) is a Riemannian distribution, but (M,g) might be
proper semi—Riemannian manifold.

Corollary 7.7. Let (M, g, D) be a Riemannian non—holonomic manifold such
that g is Vranceanu—parallel on D and h(QX, QYY) is a space-like or light-like
vector field for any two linearly independent vector fields {QX, QY }. Then we
have

K(W) < K°(W) < K*(W), (7.22)

for any non—degenerate D—plane W.

Proof. In this case any W is a Euclidean subspace of D, and therefore
A(QX,QY) > 0 for any {QX,QY} spanning W. Also, by the hypothesis
we have

9(h(QX,QY), h(QX,QY)) = 0.
Thus (7.22) follows from (7.17) and (7.18). "

Corollary 7.8. Let M be an open submanifold of the Euclidean space (R™, g)
and (M, g, D) be a Riemannian non-holonomic manifold such that g is Vrdn-
ceanu—parallel on D. Then we have the assertions:

(i) At any point of M, both the Schouten—Van Kampen and Vranceanu sec-
tional curvatures must be non—negative.

(ii) If (M, g, D) is a Riemannian non—holonomic manifold of constant Vran-
ceanu curvature c, then ¢ > 0.
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Proof. As (M, g) is a Riemannian manifold, h(QX,QY) is space-like, and
thus the assertion (i) follows from (7.22) since K (W) = 0. From (i) we deduce
that (M, g, D) can not be of negative constant Vranceanu curvature. Finally,
if (M,g,D) is of zero Vranceanu sectional curvature, then from (7.19) we
deduce that h vanishes identically on M. By assertion (iii) of Theorem 5.6
we deduce that D is integrable, which is a contradiction because we supposed
that (M, g, D) is non—holonomic. ]

According to this corollary it is interesting to see if there exist Riemannian
non-holonomic manifolds of positive constant Vranceanu curvature. Surpri-
singly, there are plenty of such manifolds in dimension 3. To show this we
consider the Euclidean space (IRB, g) and for any o € IR and any non—zero
k € R, define the family of 3—dimensional manifolds

M(mk):{(xl 2223 eRP:0< k(z?+ 2z )+a<g}-
Now, we fix the pair (c, k) and define on M, j) the function

fzt, 22, 2%) = V2 tan(k(2® + 2°) + ), (7.23)
and then, the linearly independent vector fields:

0 0 0

~f g g wd Y =] gkt o

92 9l (7.24)

Consider on M, 1) the restriction of the Euclidean metric g of IR? and denote
by D the distribution spanned by {X,Y}. Then we prove the following.

Lemma 7.9. For any fized pair (o, k)we have the assertions:

(i) (M(a,k),9,D) is a Riemannian non-holonomic manifold.
(ii) g s Vrdnceanu—parallel on D.

Proof. By direct calculations using (7.24) we deduce that
0 0
X, Y] = 10 ) 2
XY= 607 @) (5 -~ ) (7.25)

where f(t) = v/2 tant and t = k(2?4 23) + a. The complementary orthogonal
distribution D+ to D is spanned by

0 0

0

Then we obtain
9([X, Y], Z) = =2k f(t)f'(t) # 0,

since k # 0, and on M, ) we have f(t) > 0and f'(t) > 0. Hence [X,Y]¢I'(D),
which proves the assertion (i). Next, since we have
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the condition for g to be Vranceanu—parallel on D (see the first equality in
(5.37)) becomes
9([2, X],Y) + 9([2,Y], X) =0.

This is a consequence of

0
— - _ / ,
and o 5
Thus the proof is complete. [

Next, by using (5.3), (7.24), (7.25) and (7.27) we obtain

ViY =ViY = Qif}Z (X + (14 fHY), (7.28)
and L
ViX =ViX = ﬁffz (1+ )X +Y). (7.29)

Then by using (7.28), (7.29) and (7.24) we deduce that
Vi VLY — VEVLY = 0. (7.30)

Now, we decompose [X, Y] given by (7.25) with respect to the non—holonomic
frame field {X,Y, Z} and obtain

kI

= —fX Y —-27). 31
v = 2 axs gy - 22) (731
Then, taking into account (7.31) and (7.28) we infer that
. _2kff .
Vi)Y = -5 ViV (7.32)

On the other hand, by using (3.16), (7.26) and (7.28) we get

_— _ (9N _ K
VLY = QIZ.Y] = —kffQ (8x1> - M -x,
Hence (7.32) becomes
v _ 2 Y - X). (7.33)

POYIE ™ (24 f2)2
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Then (7.3), (7.30) and (7.33) imply

RY(X,Y,X,Y) = W (7.34)
By direct calculations using (7.13) and (7.24) we deduce that
AX,Y) = f2(2+ 7). (7.35)
Then by using (7.34) and (7.35) in (7.14) we obtain
K*(D) = k*. (7.36)

Hence by (7.36) and Lemma 7.9 we may state the following important result.

Theorem 7.10. (M, 1), 9, D) is a Riemannian non-holonomic manifold of
positive constant Vranceanu curvature.

We remark that the result stated in Theorem 7.10 is specific to the geo-
metry of non—holonomic manifolds. Indeed, if D would be involutive, then by
(7.1) and the assertion (iii) of Lemma 5.5 we deduce that h vanishes identi-
cally on M. Thus any local leaf of D must be totally geodesic immersed in
IR3, and therefore D is of constant Vriinceanu curvature ¢ = 0.

1.8 Degenerate Distributions of Codimension One

Let (M,g) be an (n + 1)—dimensional proper semi—Riemannian manifold of
index 0 < g <n+ 1, and D be a distribution on M. Then the vector bundle
L?(D,TR) (see Section 1.4) has a global section g* induced by ¢ in a natural
way:

g (X,Y) = g(X,Y), VXY € I'(D). (8.1)

When g* is non—degenerate, the pair (D, g*) is a semi-Riemannian distribu-
tion whose preliminary study was done in Sections 1.5, 1.6 and 1.7. We present
in this section a method for studying (D, g*) when g* is degenerate. To avoid
some cumbersome calculations and to abide by the size of our book, we re-
strict ourselves to n—distributions, but the technique we develop here can be
extended for any degenerate distribution.

Thus from now on, in this section, D is an n—distribution (distribution of
codimension one) on the (n+ 1)-dimensional proper semi-Riemannian mani-
fold (M, g). Then we denote by the same symbol g the induced global section of
L?(D,R) given by (8.1). As dim D, = n, by (4.3) we deduce that dim D} = 1.
Then the null subspace of D, is (cf. (4.8))

Nx(Dmgz) =D, N Djr_v (8'2)
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and hence null (D,,g,) < 1. According to (i) of Lemma 4.5, D, is dege-
nerate if and only if null(D,,g,) > 0, which in our case is equivalent to
null(Dy,g.) = 1. When D, is a degenerate subspace of T, M for all z € M,
we say that (D, g) is a degenerate distribution on (M, g). Now, consider
the null distribution A'(D, g) and the orthogonal distribution D+, that is,

N(D,g) = U Nw(pwagw)a Dl = U ,Di

zeM zeM

Then based on the above discussion we can characterize degenerate distribu-
tions in terms of null and orthogonal distributions as follows.

Theorem 8.1. Let (M, g) be an (n+1)-dimensional proper semi-Riemannian
manifold and D be an n—distribution on M. Then the following assertions are
equivalent:

(i) (D,g) is a degenerate distribution.

(ii) The null distribution of D coincides with the orthogonal distribution
to D.

(iii) The orthogonal distribution to D is a vector subbundle of D.

Thus by (ii) we have
(D) ={¢eI(D):g(&X)=0, VX e€I'(D)}, (8.3)

which entitles us to call D+ the null distribution of (D, g).

Next, we consider n = 1 and note that D, is a totally null subspace of T, M
for all z € M. Then D+ = D and therefore D is a totally—null distribution on
(M,g). As M is now a 2-dimensional proper semi-Riemannian manifold we
conclude that (M, g) must be a Lorentz manifold. Since D+ is not anymore
complementary to D in T'M, to proceed with the study of (D, g) we need a
transversal vector bundle to D in T'M which, of course, can not be orthogonal
to D. To achieve this, we consider a complementary distribution H to D in
TM. Then on a coordinate neighbourhood & C M take the local sections
§ € I'(Dyy) and Z € I'(Hyy). Note that g(§,Z) # 0 on U, otherwise g is not
a Lorentz metric on M. Now, we define on U the vector field

1 9(Z,Z) }
V=——_ - Z->2>"-= . 8.4

9(&,2) { 20(6,2) © 54
It is easy to check that V satisfies

(a) g(V,V)=0 and (b) g(V,§) =1. (8.5)

If U* is another coordinate neighbourhood on M such that U NU* # (), then
by direct calculations using (8.4) for both neighbourhoods, we deduce that
V* = fV, where f is a smooth function on U N U*. Thus there exists a
distribution D’ on M which is locally spanned by the vector field given by
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(8.4). For any other complementary distribution to D in TM, (8.4) defines
the same distribution D’ on M. Also, from (8.5) we deduce that D’ is a totally
null distribution that is complementary to D in TM. On the other hand, it
is easy to check that any vector field V' on U satisfying (8.5) must be given
by (8.4). Thus D’ is the only totally null complementary distribution to D in
T M. This discussion enables us to state the following

Theorem 8.2. Let (M, g) be a 2-dimensional Lorentz manifold and D be a
totally—null distribution on M. Then there exists a unique totally—null distri-
bution D' that is complementary to D in T M.

We call D’ the totally—null transversal distribution to D. Also, we
call the pair {¢,V} the null frame with respect to the decomposition

TM =D& (8.6)

Now, we consider the Levi-Civita connection V on (M, g). Then, with respect
to the null frame {£, V} we put

(a) Ve =aé+ 8V and (b) VeV =~E+6V, (8.7)

where «,(,7,0 are smooth functions on a coordinate neighbourhood
U C M. By using (8.7a) and (8.5b) we obtain

B = g(Ve&, €) — ag(€,€) =0,

since £ is a light-like vector field and g is parallel with respect to V. Similarly
we deduce that v = 0. Moreover, by (8.5) and (5.9) we have

o= g(Ve&, V) = —g(¢, VeV) = —4.
Thus (8.7) becomes
(a) Ve&=aé and (b) VeV = —aV, (8.8)

where a is a smooth function on U. Next, we consider an integral curve
C:a®=x%t) of £ and from (8.8a) we deduce the differential equations

20 a b dat z?
dd? + {b c} (2(1)) ddT ddt = a(=()) ddt ’ (8.9)

where {bac} are the Christoffel coefficients for V, and a,b,c € {1,2}. Then
we take a new parameter s on C' satisfying the differential equation

d?s ds

proi a(z(t)) i

The existence of s is guaranteed by the general theorem of existence and
uniqueness for differential equations (cf. Theorem 2.1.2). Thus (8.9) becomes
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ds? b c

that is, with respect to this parametrization, C' is a null geodesic of (M, g).
According to O’Neill [O83], p. 69, a curve in (M, g) that becomes a geodesic
after a reparametrization, is called a pregeodesic. Hence any integral curve
of D is a null pregeodesic.

It is easily seen that the above discussion about D is also valid for D’. In
particular, it follows that

(a) VyV =bV and (b) Vy&=—bE. (8.10)

Then by (8.8) and (8.10) we deduce that V is an adapted connection on the
almost product manifold (M, D,D’). Thus in case n = 1, the whole geometry
of (D, g) can be summarized in the following theorem.

Theorem 8.3. Let (M, g) be a 2—dimensional Lorentz manifold and D be a
totally—null line field on M. Then we have the following assertions:

(i) The Levi-Civita connection NV on (M, g) is an adapted connection on the
almost product manifold (M, D, D’).
(ii) The integral curves of both D and D' are null pregeodesics of (M, g).

Next, we consider the case n > 1. By (iii) of Theorem 8.1, D is a vector
subbundle of D and therefore any complementary distribution to D in T M is
not orthogonal to D. Moreover D is a partially-null distribution on M because
it is a 1-degenerate n—distribution with n > 1. As in the case n = 1 we look
for a totally—null transversal distribution to D. To this end, we consider a
complementary distribution S to D in D, that is, we have

D=SaoD". (8.11)

As any S, is a screen subspace of D,., we call S a screen distribution for D.
By Lemma 4.6 we deduce that S is a non—-degenerate distribution on M. Then
by Lemma, 4.3 we deduce that the complementary orthogonal distribution S+
to S in T'M is non—degenerate too. Therefore, S* is a 2-distribution satisfying

T™M =Sa& S+, (8.12)

and D+ is a vector subbundle of S1. Then we consider a complementary dis-
tribution # to D* in S*. Take the nowhere zero local sections ¢ € I'(Djy,) and
Z € I'(Hy) and observe that g(¢,Z) # 0 on U since S* is non-degenerate.
Then define the vector field V by (8.4) and following the same steps as in the
study we developed for n = 1, we obtain a totally null 1-distribution D’'(S)
that is complementary to D in TM. Hence by (8.11) and (8.12) we have

TM =D& D' (S)=SeDaD(S). (8.13)



1.8 Degenerate Distributions of Codimension One 53

It follows that D’'(S) is the only distribution on M whose local section V'
satisfies (8.5) and
gV, X)=0, VX eI(S). (8.14)

The above study can be summarized as follows.

Theorem 8.4. Let D be a partially—null n—distribution on an (n + 1)-
dimensional proper semi-Riemannian manifold (M, g) with n > 1. Then for
a screen distribution S on M there exists a unique totally—null 1-distribution
D'(S) that is complementary to D in T M.

We call D'(S) the totally—null transversal distribution to D with
respect to the screen distribution S.

Example 8.1. Consider the Lorentz space (IR%, ¢) whose metric is given by

(4.10) for m = 2. Then with respect to the rectangular coordinates (z!,z?)

on IR?, any degenerate distribution D on IR? is spanned by

0 0
§ @+€6 y € = +1.

By (8.4) we deduce that the totally—null transversal distribution D’ is spanned

by
1 0 0
V—2<axl‘€axa>‘

Clearly, the integral curves of both & and V are null geodesics of (IRZ,g). m

Example 8.2. On the Lorentz space (IR}, g) consider the 3-distribution D
spanned by

1 0

_— 1 2zt _ 7
gt TVIT gt dx*

Xo= Lm0 e 3+3},

xT

)

{X1 = —/2(1 + €7 ai -

Ox! 0x?’ Ox3 = Oxt

It is easy to check that D is non—integrable and 1-degenerate with respect
to the Lorentz metric (4.10) for m = 4. As £ = X, we may take the screen
distribution

S = span{Xa, X3}.

Then by using (8.4) where Z is replaced either by Xs or by X3, we deduce
that the totallyfnull transversal distribution D’(S ) is spanned by

0
V, 2(1 + e22!) — V14 e22! fe””l— . =
1+ 2(1 + e22h) ox3

ozt
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Remark 8.3. It is interesting to note that in Example 8.2 we may choose an
integrable screen distribution

S*:span{Xg‘_ vV1+e 22t 9 —|—i—em1i X§:6m18+8}_

Ox2 ' Ox3 ozt’ ox®  Oxt

However, at this moment, we do not have an answer to the question: can we
find an integrable screen distribution for any partially-null distribution on a
semi-Euclidean space IR;"? [

Now, we come back to the general theory on the geometry of a degenerate
n—distribution D on the (n + 1)-dimensional proper semi-Riemannian mani-
fold (M, g), with n > 1. Throughout the study, we consider the local non—
holonomic null frame field {¢,V'} on the distribution D+ @ D’(S), where V is
given by (8.4) with Z from I'(S*). Then we define the differential 1-forms w
and 7 by

(a) w(X)=yg(X,§) and
(8.15)
(b) 7(X)=9g(X,V), VX eI'(TM),

and denote by Q and @Q the projection morphisms of TM on D and S with
respect to the decompositions in (8.13). Thus by using (8.13) and (8.15) we
write

(a) X =QX+w(X)V and
(b) X =QX +7(X)¢ +w(X)V,

for any X € I'(T'M).
Next, we consider the Levi-Civita connection V on (M, ¢g) and according
to the first decomposition in (8.13) we put

(8.16)

VxQY = VxQY + B(X,QY)V, (8.17)
and _
VxV =-AyX +n(X)V, VX,Y € [(TM), (8.18)

where VxQY and Ay X lie in I'(D). Then we have the following induced
geometric objects:

Vx:I'(D)— I'(D) , a linear connection on D,
B :I'TM)xI'(D) — F(M) , an F(M)-bilinear mapping,
Ay : I'(TM) — I'(D) , an F'(M)-linear operator,

n I'(TM)— F(M) , a 1-form on M.

As in the case of semi—Riemannian distributions, we call V the induced
connection on D and
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B:I'(D)xI'(D) — F(M); B(X,Y)= w(%XY), VX, Y € I'(D), (8.19)

the second fundamental form of D. Also, Ay is called the Weingarten
operator with respect to V € I'(D'(S)). By (8.15) we see that w does not
depend on the screen distribution. This implies the following important pro-
perty of B.

Proposition 8.5. The second fundamental form of the partially—null distri-
bution D does not depend on the screen distribution.

Taking into account the decomposition (8.11) we set
VxQY =VxQY + B(X,QY)¢, VX, Y € I'(TM), (8.20)
where V is a linear connection on the screen distribution given by
VxQY = Q(VxQY) = QQ(VxQY)), (8:21)

and B is an F(M)-bilinear mapping on I'(TM)xI'(S). We call V the in-
duced connection on the screen distribution S and

B:I(8)xI'(S) — F(M); B(QX,QY)=7(V5xQY), (8.22)
the second fundamental form of S in D. Also, we put

Vxé=—-A:X +7(X)¢ VX e I(TM), (8.23)
where 77 is a 1-form on M and

A : T(TM) — I'(S); AeX = Q(Vx¢&), (8.24)

is an F'(M)-linear operator. We call flg the Weingarten operator of the
screen distribution S with respect to £. In the next theorem we bring together
the main properties of the geometric objects involved in the study of D.

Theorem 8.6. Let D be a partially—null n—distribution on an (n + 1)-
dimensional proper semi-Riemannian manifold (M, g) with n > 1, and S be
a screen distribution of D. If B, B,n,7, A, A,V,V are as given by equations
(8.17)—(8.24), then we have:

B(X, &) =0, (8.25)

(a) Vx&=Vx¢,
(b) 7(X) = —n(X),

(8.26)
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(a) B(X,QY)=g(A:X,QY),

_ , (8.27)

(b) B(X,QY) =g(AvX,QY),
(Vx9)(QY,QZ) = B(X,QY)T(QZ) + B(X,QZ)T(QY), (8.28)
(Vx9)(QY,QZ) =0, (8.29)

forany XY, Z € I'(TM).
Proof. From (8.19) and (8.15a) we deduce that

B(X,&) = g(Vx&,§) =0,

which proves (8.25). Then (8.26a) follows from (8.17) via (8.25). By using
(8.23), (8.26a), (5.9) and (8.18) we obtain

N(X) = g(Vx&,V) = g(Vx&, V) = —g(€, VxV) = —n(X),
which proves (8.26b). Next, we use (8.17), (8.5b), (8.26a) and (8.23) to obtain
B(X,QY) = g(VxQY,£) = —g(QY, Vx¢) = g(4cX.QY),

which proves (8.27a). Similarly, by using (8.20), (8.5b), (8.17) and (8.18) we
infer that

B(X,QY) = g(VxQY.V) = —g(QY. VxV) = g(Av X, QY),
which is (8.27b). Finally, both (8.28) and (8.29) are consequences of (5.9) via
(8.17), (8.15b) and (8.20). n

Remark 8.4. From (8.29) and (8.28) we see that g is parallel with respect
to the induced connection on the screen distribution, but in general, it is
not parallel with respect to the induced connection on D. This makes the
study of degenerate distributions very different and more difficult than that
of non—degenerate distributions (see (i) of Lemma 5.5). "

According to this remark it seems more appropriate to use V instead of V
in studying the geometry of D. Thus from (8.17) and (8.20) we deduce that

VxQY = VxQY + B(X,QY)¢ + B(X,QY)V. (8.30)
Also, by using (8.26) and (8.23) we obtain

Vx€ = —AcX —n(X)E, (8.31)
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where 7 is given by
n(X) = g(VxV,§) = —g(V, Vx¢). (8.32)

Now, we can state the following.

Theorem 8.7. Let D be as in Theorem 8.6. Then the following assertions are
equivalent:

(i) The Levi-Civita connection NV on (M, g) is an adapted connection to D.
(ii) For any XY € I'(TM) we have

B(X,QY) = 0. (8.33)

(iii) A¢ vanishes identically on M.
(iv) V is an adapted connection to the null distribution D=.

Proof. The equivalence of (i) and (ii) follows from (8.30) and (8.31). Then
(ii) <= (iii) is a consequence of (8.27a). Finally, since ¢ is spanning the null
distribution of D, from (8.31) we deduce the equivalence of (iii) and (iv). =

We now show an interesting relationship between the two geometries of
degenerate and non—degenerate distributions.

Theorem 8.8. Let D be as in Theorem 8.6. Then the following assertions are
equivalent:

(i) The Levi—Civita connection V on (M, g) is adapted to the screen
distribution S.
(ii) V is an adapted linear connection on the almost product manifold

(M, D, D'(S)).

Proof. From (8.30) we see that V is adapted to S if and only if (8.33) is
satisfied and B B
B(X,QY)=0, VX,Y € I'(TM). (8.34)

From Theorem 8.7 we know that (8.33) holds if and only if V is adapted to
D. Thus to complete the proof it is sufficient to prove that (8.34) holds if and
only if Vv is adapted to D’(S). First, suppose (8.34) is satisfied. Then from
(8.27b) we see that Ay X has no component in I'(S) for any X € I'(TM). On
the other hand, from (8.18) we deduce that

g(AVX7 V) = 07

so Ay X has no component in I'(D+). As Ay X € I'(D) we conclude that
Ay X =0forany X € I'(TM). Then from (8.18) it follows that V is adapted

to D'(S). Conversely, if V is adapted to D'(S), then from (8.18) we obtain
(8.34) via (8.27b). This completes the proof of the theorem. "
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If V is adapted to D then (8.17) implies B = 0 on M. Thus we have

[QX,QY] = VoxQY — VoyQX = VoxQY — VoyQX € I'(D),

that is, D is integrable. As D is a degenerate distribution, all of its leaves are
degenerate hypersurfaces of (M, g). Moreover, from (8.17) we deduce that any
leaf of D is a totally geodesic degenerate hypersurface of (M, g). Also from
(8.18) we see that every integral curve of D’(S) is a pregeodesic, provided v
is adapted to D'(S). Based on this discussion and by using Theorems 5.12
and 8.8 we state the following.

Corollary 8.9. Suppose D has a screen distribution S and V s adapted to
S. Then the semi—Riemannian manifold (M, g) is locally represented in the
following two equivalent ways:

(i) It is a locally semi-Riemannian product of leaves of S and S*.
(i1) It is a locally product of a totally geodesic degenerate hypersurface with a
pregeodesic of D'(S).



2

STRUCTURAL AND TRANSVERSAL
GEOMETRY OF FOLIATIONS

In this chapter we introduce the theory of foliations. The basic material on
this theory is given in Section 2.1. Here all different classical approaches to
foliations are given, that is to say we talk about foliations using foliated atlases,
involutive distributions and differential forms. Then a list of examples is given
showing that foliations appear in a natural way in the theory of submersions,
non-singular systems of differential equations, fiber bundles, Lie group actions
and C R—submanifolds of Kdhler manifolds. Foliations will appear later in the
book in many other areas like Finsler geometry, symplectic geometry, contact
geometry, etc.

The second section sets the stage for studying the geometry of foliations
by introducing adapted tensor fields on foliated manifolds, discussing their
existence problem and determining their properties. Then we introduce in
Section 2.3 the structural and transversal covariant derivatives induced by an
adapted connection on a foliated manifold. The local components of both the
torsion and curvature tensor fields with respect to a semi—holonomic frame
field determine adapted tensor fields which are going to play an important role
in studying the geometry of foliations. Finally, in the last section, by using
both the structural and transversal covariant derivatives, we derive all Ricci
and Bianchi identities for an adapted linear connection.

2.1 Definitions and Examples
Let IR™ be the m—dimensional Euclidean space with the usual scalar product

given by (1.4.11).Denote by 7 the standard topology induced on IR™ by the
Euclidean norm

| = V(21?2 + - + (@m)2.

Thus open balls by this norm are neighbourhoods with respect to 7. Then
(R™,7) becomes an m-—dimensional smooth manifold with a global chart
(R™, 1gm).

59
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Next, we consider two positive integers n and p such that m = n+p. Then
the space IR™ can be identified with the Cartesian product IR" xIR? of the
two spaces IR™ and RP. If ¢ = (¢"*!,...,c"™P) is a point of IR we denote
by IR} the affine n—dimensional subspace of IR passing through the point
(0,...,0,¢"* .. c"tP) € R™, and parallel to IR", that is,

R! = {(z',...,2™) e R™: ot =" L a™tP = 1P}
Then an (n, c)-plaque P in R™ is the intersection of IR, with an open ball
in R™ with respect to the topology 7. For any n we define on IR a new
topology 7,, whose open basis consists of all (n,c)-plaques of R™. It is easy
to see that (IR™,7,) is a Hausdorff space and each IRy is both closed and
open (clopen) in IR™ with respect to 7,. Finally, we remark that 7, is just the
product of the standard topology on IR"™ and the discrete topology on IRP.

Now, we consider the following disjoint partition of IR™:

R™ = | J R (1.1)
celRP

This suggests the following definition. We say that the family {IR]}, ¢ € IR?
is a foliation of dimension n (or codimension p) of IR™, and each IR} is
a leaf of the foliation. It is worth mentioning that the leaves of the foliation
are the connected components of (IR™,7,), and that each such leaf is an n—
dimensional submanifold of (IR"™, 7).

We also note that (IR™, 7,,) becomes an n—dimensional smooth manifold.
Indeed, we define on IR™ a smooth atlas with local charts (P, 1)), where

mor: P — R™ (2!, ..., 2" "L ) = (2! ..., 2™).

The partition (1.1) of R™ can be generalized to smooth manifolds as fol-
lows. Let M be an m—dimensional manifold and F = {L;}:cs be a family of
connected subsets of M. Suppose that F is a partition of M, that is, we have

M = ULt and L;NLs,=0, fort+#s. (1.2)
tel

Next, we consider a positive integer n < m and a local chart (U, ) on M.
Then we say that (U, ) is an n—foliated chart, if whenever Ly NU # 0
for some t € I, then each connected component of L; N U is mapped by ¢
onto an (n, c)-plaque of R™. An n—foliated atlas associated to F on M is a
collection of n—foliated charts whose domains cover M. Then we say that the
partition F of M is a foliation of dimension n (or codimension p = m—n)
if there exists on M a maximal n—foliated atlas associated with F. We also
say that (M, F) is an n—foliated manifold, and F is an n—foliation of M.
When we are dealing with one fixed n—foliation, we will omit "n” from names
as: n—foliated chart, n—foliated atlas, etc. Each subset L;, t € I is called a
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leaf of the foliation F. That is why a foliated chart and a foliated atlas are
also named leaf chart and leaf atlas respectively.

As in the case of IR™ we remark that the foliation F induces a new topology
7(F) on M as follows. Let (U, ) be a foliated chart on M and L; be a leaf
of F such that L; NU # (. Suppose that a component of L; N is mapped
by ¢ onto a plaque P of IR™. Then we denote M! = ¢~1(P") and call it
a plaque (local leaf) in M with respect to the foliation F. Consider the
topology 7(F) on M whose open basis consists of all plaques of M and call
it the leaf topology of M. Clearly, any leaf L; of F is clopen in M with
respect to 7(F). Moreover, (M, 7(F)) becomes a manifold of dimension n
with local charts (M, ¢|as¢). Note that the leaf topology 7(F) is finer than
the original topology 7 of M, and that each leaf of F is a connected component
of (M, 7(F)). Also, any leaf of F is an n—dimensional immersed submanifold
of (M, 7). However, the inclusion map of a leaf in M might be improper, that
is, the inverse image of a compact subset of (M, 7) is not necessarily compact
(see Example 1.5). Finally, we define an equivalence relation ~ on (M, F) as
follows. We put y ~ z iff y and z belong to the same leaf of F. Thus the
equivalence classes of ~ are just the leaves of F. We call the quotient space
Mz = M/ ~ the leaf space (or space of leaves) of F. In some cases, Mr
may have the structure of an (m — n)-dimensional manifold.

Now, suppose that (U, ) is a foliated chart on the n—foliated manifold
(M,F). This means that on U we have the local coordinates
(at, .. 2™ 2™ 2™ FP), such that each plaque M! of F in U is described
by equations of the form

" = c"“, o, VTP = TP

9] o)
51 B
dimensional submanifold M/ of U. Consider another foliated chart (U, @) with
local coordinates (Z!,..., 2", "L, ...,7""P), and U NU # (). Suppose M! and
M are two plaques in U and U respectively such that M! N M! # (. As M!
and M} are domains of some local charts on the n—dimensional submanifold
L;, we have

Thus { } are vector fields on U which are tangent to each n—

0 03 0
—_— = Y == Mt ﬂ Mé. 1.3
ox' oz o e e (1.3)
As UNU is covered by intersections of plaques of F, we conclude that (1.3) is
true on the whole of Y/ NU. On the other hand, in general, on U NU we have

0 _airji_i_@ia 8.
Ozt Ox' 0¥ Ozt HI“

Taking into account (1.3) we deduce that

oz

D 0, forany a € {n+1,...,n+p}andic{1,..,n} (1.4)
x
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Thus the coordinate transformations on the n—foliated manifold (M, F) have
the following special form

(a) & =z (a7, 2%), (b) #* = %(zP). (1.5)

Here, and in the sequel, we set (z7,2%) = (2!,..., 2", 2", .., 2"*P) and
(P) = ("1, ..., 2" TP). Also, if not stated otherwise, throughout this chapter
we shall use the following ranges for indices: i, j, k, ... € {1,...,n}; , 3,7, ... €
{n+1,...,n+p}; ab,c,..€{1,..,n+ p}.

As E);U’}’ i€{l,...,n}, are tangent to leaves of F, we call {521 ) 8304}
an F-natural frame field on (M, F). Then the transformations of F—natural
frame fields on (M, F) are given by (1.3) and

o0 o o o o
dx>  Ox> 9xt Qx> 0P
Similarly, {dz*, dz®} is called an F-natural coframe field on (M, F). Then

by using (1.5) we deduce that the transformations of F-natural coframe fields
on (M, F) are given by

(1.6)

(a) dit = ax, da? + o dx®,
oxI ox™
. (1.7)

Now, we present another approach to foliations on manifolds. First, we note
that an n—foliated manifold (M, F) admits an n—distribution D. Indeed, for
any r € M, we take the leaf L; of F passing through z, and define D, = T, L;.
We denote this distribution by D(F) and call it the tangent distribution
to the foliation F. If {({U,¢) : (z%,2%)} is a foliated chart on (M,F), then

0
{8 T g ( ATe tangent to Ly NU and therefore locally we have
T ™

0 0
o) - sy { L i

Thus by assertion (iii) of Theorem 1.1.1 we deduce that the tangent distribu-
tion to a foliation is integrable. Conversely, suppose that D is an integrable
n—distribution on M. Then by definition (see Section 1.1), for any = € M
there exists a local chart {(U,¢) : (%, 2%)} on M such that all the subma-
nifolds of U given by z* = ¢*, o € {n + 1,...,n + p}, are integral manifolds
of D. According to the terminology we introduced for a foliation, we are en-
titled to call these integral manifolds as plaques of D in M. Then consider
on M a new topology 7(D) whose basis consists of all plaques of D in M.
As M is covered by the set of all plaques of D we deduce that (M, 7(D)) is
an n—dimensional integral manifold of D. Moreover, it follows that any other
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n—dimensional integral manifold of D is an open submanifold of (M, 7(D)). A
connected component of (M, 7(D)) passing through x € M is called a leaf of
D through x. Thus M admits a disjoint partition defined by the leaves of D,
and there exists on M an n—foliated atlas that consists of local charts covered
by plaques of D. Hence an integrable n—distribution D defines an n—foliation
F(D) of M. Based on this discussion we may state the following.

Theorem 1.1. Let M be an (n+p)-dimensional manifold. Then the following
assertions are equivalent:

(i) There exists an n—foliation on M.
(ii) There exists an integrable n—distribution on M.

Next, we discuss the relationship between involutive and integrable distri-
butions. To achieve this in its full generality, we first refer to line fields. Let
D be a line field on M represented locally by a vector field:

0
oxa’

X = X%, ..., 2™) V(z) €U C M. (1.8)
According to the definition of integral manifolds of a distribution (see Section
1.1), the integral curves of D on U should be curves that are tangent to
X. Thus they are given by the solutions of the following system of ordinary
differential equations

dx®

dt
Then we recall the following (cf. Sternberg [Ste83], p. 372).

= X%z, .., z™). (1.9)

Theorem 1.2. (Existence and Uniqueness Theorem for ODE). Let
fo(t,zb), a,b € {1,...,m}, be smooth functions defined in some neighbourhood
of the origin in R™Y. Then there exist neighbourhoods, I of 0 in R and U
of the origin in R™ such that for any (x3) € U and all t € I there are unique
functions u®(t, zf) such that

du®
dt

= fo(t,ub) and u(0,28) = x2, a,b € {1,..,m}.

Thus applying this theorem to our system (1.9) we deduce that there exists
a unique integral curve of X passing through a fixed point zg = (z) € U.
Then we can state the following.
Proposition 1.3. Any line field D on a manifold M is integrable.

Taking into account Theorem 1.1 and Proposition 1.3 we obtain:

Corollary 1.4. Any line field D on M defines a 1-foliation F(D) of M.
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Also, we note that a line field D on M is involutive, since [X, X]| = 0, for
any X € I'(D). To obtain, in general, the relationship between integrable and
involutive distributions we prove the following.

Lemma 1.5. Let X be a smooth vector field on an open subset ¥V of M, and
xg € V such that X (xzg) # 0. Then there exists a local chart {({U,p) : (z*)}

about xg, such that X = — on U.
Oxt

Proof. As X is smooth on V and X (z¢) # 0, there exists a neighbourhood u

of 2o such that X (x) # 0 for all z € . Thus D = span{X|;} is a line field on

u. Making u smaller, if necessary, by Corollary 1.4 there exists a 1-foliated
local chart {(U, ) : (z!,72,...,2™)} about x¢. This means that U is covered

by integral curves I'. given by equations ¢ = ¢, for a € {2,...,m}. On the
other hand, by assertion (iii) of Theorem 1.1.1 we may write

o ~
D:span{(w} onlU.
Hence X is expressed as follows

0

oz’

X = X' (3", 7, ..,8)

where X1 is a smooth non-zero function on U. Now, on each integral curve
I'. we define the function

z! 1
zt :/ - dt = f}@', A, .. ™).
0o XIt,c2,...,cm)

Then it is easy to check that the functions

ot = @ 2%, ™), 2 =22, 2™ = ™,

0
define a new foliated chart {(U, ¢) : (x!,22,...,2™)} about zg, and X = F
onU.

Now, suppose that {E;}, i € {1,...,n} is a system of smooth vector fields

on an open subset V of an (n + p)—dimensional manifold M, n > 1, p > 0.

Then we say that {E;} is an Abelian (commutative) system of vector
fields if we have

[Ei, Ej] =0, Vi je{l,..n}. (1.10)

Then Lemma 1.5 can be generalized as follows.

Lemma 1.6. Let {E;} be an Abelian system of vector fields on an open subset
V of M and o€V such that {E;(x0)}, i€{1,....,n}, are linearly independent.
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Then there exists a local chart {(U,p) : (', ... x™, 2" L . 2"P)} about xo,
such that

E;, = ;1€ {1,,7’1,} (111)

0
ox’
Proof. As {FE,...,E,} are smooth on V and linearly independent at z,
there exists a neighbourhood U of zy on which these vector fields are linearly
independent. Thus

D= span{Ellg, veey En\ﬁ}’
is an n-distribution on U. First, for n = 1 the assertion is true by Lemma 1.5.

Sugpose the assertion is true for 1 < h < n, that is, there exists a local chart
{U,p): (&, ...,z", 2" ..., 2" P)} such that

0 0 —
E1:$7"'5 Eh:ﬁ OHZ/{.
With respect to this coordinate system we set
—i 0 —a O
E,=E E. —> V h+1,..,n}.
r32+ r gga’ VT €+l n}

Then we see that
[Es,E.] =0, Vse{l,...,h}, re{h+1,..,n},

imply that the local components (E‘i) of the vector field F,., do not depend
on (z',...,z"), for any r € {h+1,...,n}. Now, we consider the transformation
of coordinates

S fe(zhtL Lan gt L En TP s e {1, k),

" =z", ref{h+1,.,n},

8
I
8

z*=z% ae{n+1,..,n+p},
where f° are solutions of the linear first order partial differential equations

8u3 ou?®
Eh+1+aaEh+1_O SE{l,,h}

It is easy to see that with respect to the new coordinate system the vector
field Fp41 is expressed as follows

—r 8 — a
Ep1=Epyy s + En e

where the local components depend only on (z'h+1, .. &'™ &'n 1 z'ntp).
Finally, apply Lemma 1.5 for FEj;; and obtain a coordinate system
(b, ... 2™ 2" L 2" TP), where:
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¥ =5 se{l,.. h},
o = (2 e ) e e {h+ 1, ... n),

’

! ! !
@ =%t et ) a e {n+1, ..., n+pl,

. . 0 0
with respect to which F; = 5l Eny = Y

proof of the lemma. n

- This completes the

Now, we can give a very simple proof of a famous theorem on the geometry
of distributions.

Theorem 1.7. (Frobenius Theorem). Let M be an m—dimensional ma-
nifold and D an n—distribution on M with 0 < n < m. Then the following
assertions are equivalent:

(i) D is an integrable distribution.

(ii) D is an involutive distribution.

Proof. (i) = (ii). Since D is integrable, by the assertion (iii) of
Theorem 1.1.1, for any point = € M there exists a foliated chart
{U, o) : (2, .. z™, 2™ . 2" P)} such that

0 0
Dspan{axlwuaaxn}’ onU.

Thus we have

bl

i 0 i 0

for any X,Y € I'(D). Then by direct calculations using (1.1.8) we obtain
j(‘)Y%_Yj (‘3X'Z 8"
Oz’ Oz’ ) Ox*

[X,Y] = (X

that is, [X,Y] € I'(D). Hence D is involutive.

(ii) = (i). Let {(U, ¥); (z*)} be a local chart on M. D being involutive,
it is defined on U by n linearly independent vector fields {E;} such that

[Ei, Bj] = Ci*; By, (1.12)

where C;* ; are n® smooth functions on Y. When all C;* j vanish on U, the

assertion is proved by Lemma 1.6 via Theorem 1.1.1. If {E;} is not an Abelian
system of vector fields on U, we shall construct an Abelian one {E;} as follows.
We put p = m—n and consider (2!, ..., 2", 2" *! ..., 2"P) as local coordinates
on U. Since {F;} are linearly independent on U, we have

E; =FE’ 9 + E2

o .
L 37 » and rank[E}, E?] =n, 4,5 € {1,...,n},

ox«

(1.13)
ac{n+1,..n+p}
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With no loss of generality we may suppose that det[Ef ] # 0 on U. Then we

solve the equations (1.13) with respect to § —— ¢ and obtain

ox

0
ozt

; 0

Next, consider D spanned on U by E; = LgEj, i € {1,...,n}. Thus we have

— 0 0
Ei=——-L¢ . 1.14
ox* b o0x® (1.14)
Taking into account that D is involutive we should have
[E, Ej] = Ci*jE.. (1.15)

0
Finally, using (1.14) in (1.15) and taking into account that {8“} is a frame
x

field on U, we deduce that C;*; = 0 for any i, 4,k € {1,...,n}. Hence {E;} is
an Abelian system of vector fields, and our assertion follows from Lemma 1.6
and Theorem 1.1.1. n

Now, we combine Theorems 1.1 and 1.7 and obtain the following corollary.

Corollary 1.8. Let M be an (n+p)—dimensional manifold. Then the following
assertions are equivalent:

(i) There exists an n—foliation on M.
(ii) There exists an integrable n—distribution on M.
(iii) There exists an involutive n—distribution on M.

Next, we suppose that D is an n—distribution on M locally defined by the
1-forms {w®}, a € {n+1,...,n + p}, that is,

I'D)={X e(TM):w*X)=0, Yaec{n+1,....,n+p}}.  (1.16)

Complete {w®} with n local 1-forms {w'} and obtain a non-holonomic
coframe field {w*,w®} on M. Apply the exterior differentiation operator d
to each w® and write

dw® = A% W AWl + Bi®, WP AW+ Cp% WP AW, (1.17)
(i<J) (B<)

Now consider the dual non-holonomic frame field {E;, E,} on M. Then we
have

dw®(Ey, Bj) = Eij(w*(Ej)) — Ej(w*(E;)) — w([Ei, Ej])

— (B Ey)). (118)
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On the other hand, from (1.17) we deduce that
dwa(Ei, EJ) = Aiaj. (119)

Clearly, D is involutive if and only if the right hand side in (1.18) vanishes
identically. Thus from (1.17), (1.18) and (1.19) we deduce that D is involutive
if and only if

dw® = (B;*, w' 4+ C5~, W) AW,

Taking into account that any line field is involutive (cf. Proposition 1.3) we
state the following.

Theorem 1.9. Let M be an (n+ p)-dimensional manifold withn > 1, p > 0,
and D be an n—distribution on M locally defined by the 1-forms {w®},
a € {n+1,..,n+p}t. Then D is involutive if and only if there exist some
L-forms 05, such that

dw® =05 AW (1.20)

We close this section with some examples of foliations.

Example 1.1. Let M be an m—dimensional manifold, m > 1,and f : M — IR
be a smooth function on M. For any coordinate system {(U, ¢) : (z*)} on M
consider the coordinate representative f, = fo ¢~ of f. Then we say that
f is without critical points on M, if with respect to any local chart on M we

have
0f,
ox®

rank[ ] =1, onU.

In this case, for any ¢ € f(M), f~!(c) is a hypersurface of M. Moreover, each
component of U N f~1(c) is given by the equation

fv(ajl, wnax™) =ec.

Ofe # 0 on Y. Then on the
oxm

same domain U/, we consider new coordinate functions

Without loss of generality, we may assume that

it=at 3" = f(at, ., a™), i€ {1, ...,m — 1},

with respect to which any component of U N f~!(c) is given by 2™ = c.
Thus any f without critical points defines a foliation Fy of M whose leaves
are connected components of level hypersurfaces of f. Next, we present two
particular functions which have some relevance to semi—Riemannian geometry
of foliations. First, we consider the Lorentz space IR} and the x'-axis L. Then

fata? et at) = ot = @R+ @P + @
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is a smooth function without critical points on M = IR\ L. It is easy to see
that the tangent distribution D to the foliation F is spanned by the non-
holonomic frame field

{E; = (2%,h,0,0), By = (23,0,h,0), B3 = (2*,0,0,h)},

where we set h = /(22)2 4 (23)2 + (24)2. Then consider
¢ =2E) +2°Ey + 2" B3,

and obtain g(§,X) = 0 for any X € I'(D), where g is the Lorentz metric
(1.4.10) for m = 4. Thus D is a partially null distribution and therefore all
leaves of F; are degenerate hypersurfaces of IR‘ll. Actually, each leaf of Fy is
a half-cone with vertex (c,0,0,0) and is situated in the domain ! > ¢ of M.
Also, we consider the Lorentz space IR? and the function

f(.%‘17.’172,$3) — (1‘1)2 + ($2)2 _ ($3)2.

Then f is smooth and has no critical points on M = R*\{0}. Two of the
leaves of F; are the half-cones of the light-like cone

(@%)? + (2%)? = (2%)? =0, z £ 0,

situated in 23 > 0 and 23 < 0. Thus they are degenerate hypersurfaces of M.
The other leaves are hyperboloids of one sheet and hyperboloids of two sheets
situated in the exterior and interior of the cone, respectively. Thus we conclude
that the tangent distribution to this foliation is neither semi—Riemannian nor
partially null. [

A generalization of this type of foliations is presented in the next example.

Example 1.2. Let M and N be two manifolds of dimensions m and p res-
pectively and f : M — N be a smooth function. For any point x € M we
consider the local charts {(U, ¢) : (*)} and {(V, %) : (y*)} in M and N about
x and f(x) respectively. Let f° s € {1,...,p} be the functions which locally
represent f with respect to these local charts. Then it is easy to check that
the linear mapping

0
oze |,

fow : TeM — Tf(m)Na [z (Xa

)- U o
ox? oy* @)

is well-defined, that is, it does not depend on local charts. Thus we have a
vector bundle morphism f, : TM — TN, which is called the differential
mapping of f. When rank f., = r for a point € M, we say that f has the
rank r at . Then f is of constant rank on M, if f has the same rank for all
points of M. If in particular, f is of constant rank r=p on M, then we say that
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f is a submersion. Thus f is a submersion if and only if f,, is a surjection
for any x € M. If y is a point in the range of the submersion f then f~1(y) is
called the fiber of f over y. To discuss the differential (topological) structure
on a fiber we first note that m > p. When r = p = m, by elementary properties
of linear mappings it follows that f,, is an isomorphism, and therefore f is
locally a diffeomorphism. Thus for any x € M there exist two neighbourhoods
U and V of x and y = f(z) respectively such that f:U — V is a diffeomor-
phism. It follows that f~!(y) NU = {x} and therefore the induced topology
on f~1(y) is the discrete topology which makes this case not interesting for
our study. For this reason, from now on, we consider f as a submersion with
m > p and put n = m — p. If (¢}, ..., cP) are the local coordinates of a point
c € f(M) and {(U,) : ()} is a local chart in M about a point of f~1(c),
then U N f~1(c) is given by the equations

8fs
s(.1 my _ .S =

Thus f~1(c) is a closed imbedded submanifold of M. Without loss of generality

we may suppose that det {gf ] #£0, for s,t € {1,...,p}. Then we take a new

2t
coordinate system (u’,v*) on M, given by

u' =t vt = fo(xt ™), i€ {1,...,n}, s€{l,..,p},

with respect to which a component of YN f~1(c) is given by equations v* = ¢,
s € {1,...,p}. Thus the submersion f defines a foliation of M whose leaves are
its fibers. Moreover, from the above discussion we deduce that for any x € M
there exist two local charts {(U, ¢) : (u’,v*)} and {(V, %) : (v*)} about z and
f(x) respectively such that f is locally represented by a projection

Yo foo tul,...,umvl, . vP) = (vl ... 0P). ]

Remark 1.3. Any n—foliation of M can be locally visualized as a submersion.
Indeed, if {(U,p) : (%, 2%)} is an n—foliated chart on M then the mapping

F:U — RF, f(z',2%) = 2,

is a submersion whose fibers are plaques of the foliation. [

Example 1.4. Let M, N and F' be manifolds of dimensions m,p and n res-
pectively, with m = n + p. Then we say that 7 : M — N is a fiber bundle
(fibering) with F' as model fiber, if for any « € N there exist an open neigh-
bourhood V of z in N and a diffeomorphism h : 7=1(V) — FxV such that
p, o h = m, where p, : FxV — V is the projection onto the second factor.
It follows that 7 is a surjection and each fiber 7=1(z) is a closed embedded
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submanifold of M diffeomorphic to F'. We call M, N and 7 the total space,
the base space and the projection of the fiber bundle, respectively. As h
is a diffeomorphism and p, is a projection, 7 has a constant rank p on M.
Thus 7 is a submersion, and therefore the total space of a fiber bundle has an
n—foliation whose leaves are the components of fibers of 7. In particular, we
take IR™ as model fiber and assume that the fiber 7=1(x) is a vector space and
hy : 7= Y(z) — IR"x{0} is an isomorphism of vector spaces. In this case we
call m : M — N a vector bundle over N. The tangent distribution to the
foliation determined by fibers of 7 is called the vertical distribution and it is
denoted by VM. Finally, each local chart {(V,¢) : (%)}, o € {n+1,...,n+p}
on N determines an n—foliated local chart {(U, ) : (z',2%)}, i € {1,...,n},
on M. The transformation of coordinates on M is given by

= A" L) B = 2 (e L 2. (1.21)

It is interesting to note that on the total space of a vector bundle there exists
a globally defined vector field. Indeed, consider the vector field £ locally given
by 5
t=2 oxt
and by using (1.21) we deduce that & is globally defined on M. We call £
the Liouville vector field on M. A typical example of a vector bundle is
the tangent bundle TN of a manifold N. In this case, the vertical distribution
VTN of T'N is the tangent distribution to the foliation determined by fibers of
7m: TN — N. As it is well known (see Bejancu—Farran [BF00a]) the geometry
of Finsler manifolds can be fully developed via the vertical distribution. =

; (1.22)

Example 1.5. Let G be an m—dimensional Lie group with operation * and
H be an n—dimensional connected Lie subgroup of G. For any a € G, the
function

L,: G— G; Ly(9) =axg, VgeaQq,

is called the left translation defined by a on G. Since both L, and L,-: are
smooth on G we conclude that L, is a diffeomorphism of G onto itself. Thus
the left coset ax H = L,(H) is an n—dimensional connected submanifold of G.
Hence the set of left cosets {a* H } determines a foliation Fp of G. Moreover, if
H is a closed subgroup then G/H is an (m —n)—dimensional manifold and Fp
is just the foliation determined by the submersion 7 : G — G/H. Now we
describe an interesting particular case of this foliation. By using the canonical
identification of the complex numbers space € with IR?, we consider the circle
S* of IR? as the set of points {e'"}er of €. Then S becomes a Lie group
with the natural operation

(eti,GSi) N G(H_S)i.
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Thus the 2-dimensional torus T2 = S'xS! is also a Lie group. Next, we

consider a fixed irrational number A and define the 1-dimensional submani-
fold

H = {(eAti7 eti)}teIRa

of T2. It is easy to see that H is a connected Lie subgroup of T2. Moreover,
since ) is irrational we deduce that H is dense in T2. Thus the foliation Fy
on T? is an example of foliation whose leaves are improper immersed subma-
nifolds. u

Example 1.6. Let M be a smooth manifold and ¢ : RxM — M be a
smooth mapping satisfying the conditions:

(i) D(t,P(s,x)) =P(t+s,2),Vt,s € R, z € M.
(ii) #(0,z) =z, Va e M.

For a fixed ¢t € IR, define &, : M — M, &;(x) = P(¢,z) and from (i) and (ii)
we deduce that it has &_; as inverse function. As any &; is smooth on M, we
obtain a family of diffeomorphisms {&@;} of M onto itself, which is called a
one parameter group of smooth transformations of M. Also, for a fixed
x € M, the map t — ®¢(x) defines a smooth curve C, passing through x. If
X, is the tangent vector to C, at x, then X : x — X, is a smooth vector
field on M for which C, is the maximal integral curve through z. However,
X is not necessarily non—zero on M. Indeed, if we take

& : RxR® — R?; &(t,z',2?) = €' (2!, 2?), (1.23)
0

0
we obtain X = z! — + z? 5 Which vanishes at (0,0). If X is non-zero on

M then we obtain axlffoliation on M, which justifies the name global flow
on M given to @. In this case, X is called the infinitesimal generator of the
one parameter group {®;} or of the global flow &. Also, since every integral
curve of X is defined for all ¢ € IR, X is a complete vector field.

The converse of the above construction, in general, is not true. However,
locally it is true. To state this, we give the following definition. A local flow
around a point xg € M is a smooth mapping @ : (—¢,e)xV — M, where V
is a neighbourhood of xy and € > 0, satisfying the conditions:

(i) P(t,P(s,z)) =D(t+s,z), Ve €V, and t, s,t + s € (—¢,¢).
(ii) ¢(0,z) =z, Va € V.

Theorem 1.10. Let X be a vector field on M. Then there exists a local flow
around any point xg € M.

Proof. Let {(U, ¢):(x*)} be a local chart about z( such that ¢(z¢)=(0,...,0).

Then we write X = X¢ e on U and consider the system of ordinary diffe-
x
rential equations
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du®
dt

= X%, ...,u™), a€{l,..m}.

By Theorem 1.2 there exist e > 0 and a neighbourhood V* C (i) of the
origin in IR™, such that for any (z?,...,2™) € V* the system has the unique
solution u®(t,z?, ..., 2™) satisfying

w0,z ..., 2™) = (2, ..., ™). (1.24)

Next, consider V = ¢~}(V*) and the smooth mapping @ : (—¢,e)xV — M,
locally represented by

Dt xt, . a™) = u(t, 2t . a™). (1.25)

Since the solutions u®(t + s,2%) and u®(t,u’(s,z¢)) satisfy the same initial
condition (0,u%(s,z?)), (i) is a consequence of the uniqueness of the solution
from Theorem 1.2. Finally, (ii) follows from (1.24) and (1.25).

Taking into account Corollary 1.4 we deduce that local flows of a non-zero
vector field on M determine a 1-foliation.

It is worth mentioning here that a non—singular system of ordinary diffe-
rential equations, when reduced to first order, becomes a non—zero vector field.
Using Theorem 1.10 above, we see that the orbits of the local flow represent
the local solutions of the system, and these fit together to give a 1-foliation
(see Proposition 1.3 and Corollary 1.4). "

Both Examples 1.5 and 1.6 are particular cases of locally free actions of
Lie groups on manifolds, which we describe in the next example.

Example 1.7. Let G be an n—dimensional Lie group whose operation is
denoted by * and M be an m—dimensional manifold. Then we say that G acts
as a Lie transformation group on M if there exists a smooth mapping
@ : GxM — M satisfying the conditions:

(i) ?(9,2(h,z)) =P(g*h,z),Vg,heG, v M.
(ii) @(e,x) = x, Va € M, where e is the unit element of G.

The orbit through the point z € M is the range of the smooth mapping
Py G— M; Py(g) =9(g,7), Vgel.

We say that the action @ of G on M is locally free if for any x € M, there
exists a neighbourhood V of e in G such that @, is injective on V. It is easy
to see that @ is locally free if and only if for each x € M the isotropy group
G, ={g € G: &(g,x) = x} is discrete. Clearly, any orbit of a locally free
action is an n—dimensional immersed submanifold of M. Moreover, in this
case, all orbits of @ determine an n—foliation of M. We note that the action in
Example 1.5 is given by left translations on G and therefore {e} is the isotropy
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group of any g € G. On the contrary, if we consider the action (1.23), then
the isotropy group of (0,0) is IR, and thus that action does not determine a
foliation of IR2. [

Foliations can also be induced by some geometric structures on subma-
nifolds. In the next example we present a large class of real submanifolds of
a Kéahler manifold which admits a totally real foliation (in a sense which is
going to be defined).

Example 1.8. Let (M, J) be an almost complex manifold, where M is
a real 2m—dimensional manifold and J is a tensor field of type (1,1) on M
satisfying J2 = —I on TM. The Nijenhuis tensor field of .J is a tensor field of
type (1,2) on M given by

[J,J](X,Y) = [JX,JY] - [X,Y] = JJX,Y] - J[X, JY], (1.26)

for any XY € I'(TM). If there exists a complex coordinate system about
each point of M, and the transformations of such coordinates are holomorphic
functions, then M is called a complex manifold. By a famous result of
Newlander and Nirenberg [NN57] it is known that an almost complex mani-
fold (M, J) is a complex manifold if and only if the Nijenhuis tensor field of J
vanishes identically on M. Next we suppose that g is a Hermitian (almost
Hermitian) metric on the complex (almost complex) manifold (M, J), that
is,

(a) g(JX,JY) =g(X,Y), or equivalently
(b) 9(X,JY) +g(JX,Y) =0,
for any X, Y € I'(TM). Then we say that (M, J, g) is a Hermitian (al-

most Hermitian) manifold. Finally, we define the fundamental 2—form {2
of (M, J,g) by

(1.27)

Q(X,Y)=g(X,JY), VX,Y € I'(TM). (1.28)

If (2 is closed, that is, df2 = 0, we say that the Hermitian (almost Hermitian)
manifold (M, J, g) is a Kéhler (almost Kéhler) manifold. If V is the Levi-
Civita connection on M with respect to g, then it is proved that (M, J, g) is

a Kéahler manifold if and only if J is parallel with respect to V, that is (cf.
Yano—Kon, [YK84], p. 128),

(VxJ)(Y)=VxJY —JVxY =0, VX,Y € I'(TM). (1.29)

Now, we consider a real n—dimensional submanifold N of a Kéahler manifold
(M, J,g). Then we say that N is a C R—submanifold (Cauchy—Riemann
submanifold) of M if there exists on N a real 2p—dimensional distribution
D satisfying the following conditions:
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(i) D is a holomorphic (J-invariant) distribution, i.e. J(D) = D.

(ii) The complementary orthogonal distribution D+ to D in TN is totally
real (J-anti-invariant), i.e. J(D1) is a vector subbundle of the normal
bundle TNt of N.

Since 1978, when the concept of C'R—submanifold was introduced by
Bejancu [B78], several interesting results on its differential geometry have
been obtained, some of them being brought together in the monographs of
Yano and Kon [YK83] and Bejancu [B86a]. When D+ = {0} (resp. D = {0})
N becomes a complex (resp. totally real) submanifold of M. It is note-
worthy that any real hypersurface N of M is a C'R—submanifold which is
neither complex nor totally real, provided m > 1. Indeed, in this case we
define D+ = J(TN*) and take D as complementary orthogonal distribution
to DL in T'N. Since D+ is a line field on N, by Corollary 1.4 we can state the
following.

Proposition 1.11. Any real hypersurface of a real 2m—dimensional Kdhler
manifold admits a totally real 1-foliation, provided m > 1.

It is interesting that this result can be extended to any C'R—submanifold
of a Kéhler manifold. To achieve this, we first use (1.5.9), (1.29), (1.27) and
(1.5.8) and for any X,Y € I'(D+) and Z € I'(D), we obtain

g(VxY,JZ) = —g(Y,JVxZ) = g(JY,VxZ) = g(JY,VX).
Similarly, we deduce that
9(VyX,JZ) = g(JX,V5Y) = —g(JVzX,Y) = g(VzX,JY).
Then by using again (1.5.8) for V we obtain
9([X,Y),JZ) = g(VxY — Vy X, JZ) = 0.

Thus [X,Y] € I'(D4), that is, D is involutive. Taking into account that the
leaves of D are totally real submanifolds we call the foliation defined by D+
a totally real foliation of N. When N is neither a complex submanifold
nor a totally real submanifold, we say that it is a proper C' R—submanifold.
Then the above discussion enables us to present a new class of foliations.

Theorem 1.12. Let N be a proper C R-submanifold of a Kdhler manifold
(M, J,g). Then there exists on N a totally real foliation.

The concept of C' R—submanifold has been considered by several authors for
manifolds endowed with geometrical structures other than the Kéhlerian one.
For example we mention: locally conformal symplectic structure (cf. Blair—
Chen [BCT79], Ornea [Orn86]), Sasakian structure (cf. Yano-Kon [YK82],
Bejancu-Papaghiuc [BP81]), quaternionic Kéhlerian structure (cf. Barros—
Chen-Urbano [BCUS81], Bejancu [B86b]), etc. The integrability of Dt was
first proved by Blair—-Chen [BC79] for C R—submanifolds of locally conformal
symplectic manifolds. n



76 2 STRUCTURAL AND TRANSVERSAL GEOMETRY OF FOLIATIONS

2.2 Adapted Tensor Fields on a Foliated Manifold

Let M be an (n + p)-dimensional manifold and F be an n—foliation of M.
Denote by D the tangent distribution to F and consider a complementary
distribution D’ to D in TM. As it was shown in Section 1.1, the paracom-
pactness of M guarantees the existence of D’. However, in this chpater, D’
is not an intrinsic object of the foliation. Thus we may say that our study of
the foliation F is developed with respect to a fixed transversal distribution
D' (for terminology see Section 1.2). When a Riemannian (semi-Riemannian)
metric is considered on M (this is always the case starting from Chapter 3) a
canonical D’ is defined and thus the study depends on both the foliation and
the metric.
The purpose of this section is to develop a tensor calculus adapted to the
decomposition
TM =Do 7D, (2.1)

where D’ is a fixed transversal distribution. To achieve this goal we first con-
struct a local frame field adapted to (2.1) as follows. Let {(U, ) : (z¢,2%)},
i€{l,...,n},a € {n+1,..,n+p}, be a foliated chart on (M, F). Then D

is locally represented on U by the natural field of frames i7 e 7i .
Oxt oxm

0

If {Ent1,..., Engp} locally represents D' on U, then {81 7Ea} is a non—
x

holonomic frame field on & with respect to (2.1). Now we express each pyes

with respect to this frame field:
0 .0
=A' —— 4 AP E,. 2.2
Spe — Ao g T Ao Ep (2.2)

As the transition matrix from the non—holonomic frame field {aZ 7Ea} to
T

the natural frame field 9 - 9 is
oxt Ox™

5 Al
0 A8

)

we conclude that [A?] is a non-singular matrix of functions on . Thus

0
= AZEs, a€{n+1,..n+p),

also represent locally D’ on U. Then (2.2) becomes
0 0 0

i

Sz dzo @ Pyt
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Next, we consider another foliated chart {(, ) : (&, )} such that
UNU # B. Then, by direct calculations using (2.3) for both charts, (1.3)
and (1.6) we deduce that

1) oxf 6
_— = — 2.4
oz ox® o7 (2:4)
and o o o
. Tt ~. T T
Al — =AY — + — 2.
¢ OxJ B oz + oz~ (2.5)
onUNU.

Thus, for a given D’ there exist np functions A% on U which satisfy (2.5)
with respect to the coordinate transformations (1.5) of two foliated charts.
The converse is also true. If A, are functions on U satistying (2.5), then

5
define S0 by (2.3) and obtain (2.4). Thus we obtain a distribution D’ that

1)
is complementary to D in T'M and locally represented by {60‘} - Summing
x

up this discussion we can state the following.

Theorem 2.1. Let (M, F) be a foliated manifold whose tangent distribution is
D. Then there exists a complementary distribution D’ to D in TM if and only
if on the domain of each foliated chart on M there exist np smooth functions
Al satisfying (2.5) with respect to (1.5).

o 9 ) .
We call {637’3 ) 63:“}’ where 5o € {n+1,...,n+p} are given by (2.3) a

semi—holonomic frame field on . Vector fields of the form (2.3) have been
used by Reinhart [Rei59a] and Vaisman [Vai71] in their works on foliations.
In particular, if D is a line field on M then (2.3) becomes

) 0

@:@f o @, aE{Q,...,m}, (2'6)

where A, are m — 1 functions on U satisfying

ozt~ o9z¢ o7t
Ay — = —+ — q, 2,...,m}, 2.7
ox! 5axa+axa o fed m} (2.7)
with respect to the transformations
=3 (2t 2®), T =3(P), a,Be{2,..,m}. (2.8)

Similarly, if D is a distribution of codimension one, then both D and D’ are in-
tegrable and we may consider foliated charts whose coordinates (b, .. 2™ L)
and (7',...,2™ 71 t) are transformed as follows

T =720, t=tt), i,5€{l,...,m—1}. (2.9)
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o 0
py aat} on M such that

In this case we can choose a natural frame field {

0
€ I'(D) and Py er (o).

Now, we come back to the general case and consider the dual vector bun-
dles D* and D'* to D and D’ respectively. Then an adapted tensor field of
type (g, s;7,t) on the foliated manifold (M, F) is an F(M) — (¢+r+s+1t)-
multilinear mapping

T : [(D*)IxI(D*)" xI'(D)* xI'(D')! — F(M).

ox?

In order to define the local components of 1" we consider the dual semi—

holonomic frame field {§z*,dz®} to i » —— ¢, where we set
Ox' dx“
Sat = da' + A dx®. (2.10)

Thus, locally T is given by n¢* - p™** smooth functions

Tzl...zq aq...Qp (.’Ei, xa)

Jie-Js Br-Be
% i a e 9 9 0 0
=T ((5.’[] 1,...,6(E q7d(E 1,...,d$ " Gt PR 78mjs ’(;xﬁl PR (;xﬁt) .
(2.11)
Next, by direct calculations using (2.10), (1.7) and (2.5) we obtain
X 8%1 . oF
frr - J o B

(a) 0z' = 9 dz’, and (b) dz® = 97 dx”, (2.12)

with respect to the coordinate transformations (1.5) on (M, F). Then, taking
into account (2.11), (2.12), (1.3) and (2.4) we state the following.

Theorem 2.2. Let (M, F) be a foliated manifold with transversal distribution
D'. Then there exists on M an adapted tensor field of type (q,s;r,t) if and
only if on the domain of each foliated chart on M there exist na%-p™+t smooth

i1...0q Q1...Qpn

functions T s s, satisfying

Tkl...kq Y1 Yr a%hl a«/};hs a:};gl 6E€t
hi..hser.ee Goju o Oxis OxPr o OxBt (2 13)
_ Til...iq aq...Qp agkl 851% oz ) oxr

J1---Js B1---Bt Oxi e Oria Jro o O ’

with respect to (1.5).

Remark 2.1.
(i) It is easy to check that any F(M) — (s + ¢)—multilinear mapping

T: [(D)*x (D)t — (D),

defines an adapted tensor field of type (1,s;0,t) and viceversa.
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(i) Similarly, any F(M) — (s 4+ t)—multilinear mapping

T:I(D)*xI(D') — I'(D'),
defines an adapted tensor field of type (0, s;1,t¢) and viceversa. ]
Remark 2.2. The order of indices (first the latin and then the greek indices)

is not necessarily the same throughout the book. As an example the n2p?
functions Tg; satisfying

ch 9xB Oxi B gz dx
define an adapted tensor field of type (1,1;1,1) on (M, F). ]

In particular, an adapted tensor field of type (0, s;0,0):
w:I'(D)* — F(M),

satisfying
w(XU(l), ...,XU(S)) = E(O')w(Xl, ceey XS),

for any permutation o of {1,..., s}, where £(c) = %1 is the signature of o, is
called a structural s—form on (M, F). Similarly, an adapted tensor field of
type (0,0;0,¢):

Q2.0 (DY — F(M),

which satisfies
Q(Ya(l)v ceey Yg(t)) = €<U)Q(Y1, ceey Y't),

is called a transversal t— form on (M, F). It is easy to see that any structural
1-form (resp. transversal 1-form) is a section of D* (resp. D'*). We also call
a section of D (resp. D’) a structural (resp. transversal) vector field on
the foliated manifold (M, F). We can extend this terminology to the general
case of adapted tensor fields as follows. We say that an adapted tensor field T
is a structural (resp. transversal) tensor field if it is locally represented
by functions T;ll;" (resp. Ti'5). By direct calculations, using (2.13) for a
transversal tensor field, and (1.3), we deduce that
ATV g7k Hzer o7t 3T§‘11."'_;f;r ol 97

€1...€¢ _

oxk Ozt OzPr oxPr  Oxi Oxer  Oxor

This enables us to give the following definition. We say that a transversal
tensor field 7' = (T3 "J'") is basic if we have

Qt...00
aTﬁll-uﬂt

e =0, (2.14)
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for any i € {1,...,n} and o, ..., , B1, ..., Bt € {n +1,...,n + p}, with respect
to any foliated chart {(U, ¢) : (z%,2%)} on (M, F).
In particular, a transversal t—form 2 = (£25,..g,) is basic if and only if

0923, .8,
Ozt

on the domain of any foliated chart. It is easy to see that a t—form {2 on M
is transversal if and only if

=0, Vie{l,...,n}, B1,..0: € {n+1,....n+p}, (2.15)

QX Y1,...Y, 1) =0, VX € (D), Y1,...Y;_1 € (D). (2.16)

A t—form 2 on (M, F) which satisfies both (2.15) and (2.16) is called basic by
Reinhart [Rei83], p. 171. As the exterior differential of a basic form is basic
too, a cohomology theory of basic forms has been developed (cf. Reinhart
[Reib9b]). Similarly, a function f on M is called a basic function if it depends
on (z%) alone, that is, f is constant on each leaf of F.

Next, we consider the projection morphisms @ and Q' of TM on D and
D’ respectively and state the following.

Lemma 2.3. The mapping T : I'(D')xI'(D') — I'(D) given by
T(Q'X,QY)=QQ'X,QY], VX,Y € I'(TM), (2.17)
defines an adapted tensor field on (M, F) of type (1,0;0,2).

Proof. First, from (2.17) it follows that T is an F(M)-bilinear mapping.
Then take s = 0 and ¢ = 2 in assertion (i) of Remark 2.1 and deduce that T'
is an adapted tensor field of type (1,0;0,2). L]

o 4
Lemma 2.4. Let { } be a semi-holonomic frame field on (M,F).

ozt 6z
Then we have

0 0 .0
— | =T, - 2.1
[dxa 5x13} * P oz (2.18)
where we set ' sA
. 0A" 5
Toig=—2 — —B. 2.1
R PR P (2.19)

Proof. By direct calculations using (2.3) and elementary properties of Lie
bracket we obtain (2.18). "

Finally, from (2.18) and (2.17) we see that T, are the local components
of the adapted tensor field T, that is, we have

5 4 .0
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We call T the integrability tensor of the transversal distribution D’. From
(2.17) we see that D’ is integrable if and only if T vanishes identically on M,
which justifies the above name for T'.

In the next section we will see that both torsion and curvature tensor fields
of an adapted connection are determined by adapted tensor fields. As adapted
connections play an important role in studying foliations, we consider adapted
tensor fields as a need for this type of geometry.

2.3 Structural and Transversal Linear Connections

In the first part of this section we develop a general theory of linear connections
on vector bundles over foliated manifolds. We show that two types of covariant
derivatives are naturally defined by a linear connection on a vector bundle:
the structural and the transversal covariant derivatives. Then we apply this
theory to the structural and transversal distributions to a foliation and ob-
tain the local components of curvature and torsion tensor fields of both the
structural and transversal connections.

Let F be an n—foliation on the (n + p)-dimensional manifold M and D
be the tangent distribution (structural distribution) to F. Throughout this
section we suppose that D’ is a transversal distribution to F locally defined
by the functions {A%}, i € {1,..,n}, a € {n+1,...,n + p} satisfying (2.5).
Then on the domain of a foliated chart {(U,p) : (z°,2%)} we consider the
% ) (S;Sa}, where 53% are given by (2.3).

Next, we consider a vector bundle F of rank h over (M, F), that is, the
dimension of each fiber of E is h. Let V be a linear connection on F and {S,},
a € {1,...,h} be a basis of I'(E) on U. Then we put

semi—holonomic frame field {

(a) Vs Su = F.o Sy and (b) V_o S, = C,"iSp, (3.1)
™ Ery
where {F,o,Cob}, a,b € {1,..,h}, i € {1,...,n}, a € {n+1,...,n + p} are
smooth functions on Y. Two local bases {S,} and {S,} of I'(E) are related
by
Sa = 05, (3.2)

where S? are smooth functions on the common domain of two foliated charts
on M. Then by direct calculations using (1.3), (2.4), (3.2) and (3.1) we deduce
that the local coefficients of V satisfy the following with respect to (1.5) and
(3.2):

. 078 8S¢
b c __ c d a .
FolaSf = FitpSt oo + 20 (3.3)
. 071 OS¢
CobiSe = Cye; 80 T2 4 Da (3.4)

@ Jri T Pzt
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Here we use the indices a,b,... € {l,...,h}, i,4,... € {1,...,n},
a,f,... € {n+1,...,n+p}. Conversely, suppose that on the domain of each
foliated chart on (M, F) there exist smooth functions {F,,, C,%;} satisfying

(3.3) and (3.4) with respect to (1.5) and (3.2). Then for any ¥ = Y*

)

oxe
X=X ai and Z = Z*S,, we define
xl
(a) VyZ=Y"Z",S, and (b) VxZ = X'Z";Sa, (3.5)
where we set
VA Dz
(2) 2% = <+ Z'F,% and (b) Z%); = 5 T ALOS (3.6)

Extend V by linearity to any vector field on M and by using (3.3)—(3.6) we
deduce that V is a linear connection on the vector bundle E. Thus we may
state the following.

Theorem 3.1. Let (M, F) be a foliated manifold with structural and transver-
sal distributions D and D', and E be a vector bundle over M. Then there exists
a linear connection on E if and only if on the domain of each foliated chart
on M there exist real smooth functions {F,’,,C,%} satisfying (3.3) and (3.4)
with respect to (1.5) and (3.2).

We call Z¢|, and Z%|; given by (3.6a) and (3.6b) respectively the transver-
sal covariant derivative and structural covariant derivative of the sec-
tion Z.

In particular, we suppose that V/ and V are linear connections on distri-
butions D’ and D respectively. Then by using the semi—holonomic frame field

{ 4 6} induced by D', we put:

ozt Sxo
) 1) ) 0
/ _ s / Yy,
(&) vaiﬁ Sz Fla's Sz (b) v% Sre Cai Sz (3.7)
0 0 0 0

(a) V ~-C : (3.8)

9 _pr, 9 9 _k 9
Srog 1 gon (b) 527 ozt 0T 9k

We call V' (resp. V) a transversal (resp. structural) linear connection
of the foliation F on M. Now, we take in turn D’ and D instead of E from
Theorem 3.1 and obtain the following.

Theorem 3.2. Let (M, F) be a foliated manifold with structural and transver-
sal distributions D and D’. Then we have the following assertions:
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(i) There exists a transversal linear connection V' of F if and only if on
the domain of each foliated chart on M there exist real smooth functions
{F'"3,C",":} satisfying

01¢ - or* oY 0%5¢
Pl 2 — e, S50 T8 .
P o s o OxP + 0zx*0zP (3.9)
oxs .. 0i° 01
o o7 55 oz dxi’ (3.10)

with respect to (1.5).

(ii) There exists a structural linear connection ¥V of F if and only if on the
domain of each foliated chart on M there exist real smooth functions
{F;*,,Ci*;} satisfying

a%i - . Ozh 9zP 5 (0%

Fk, o i, T O ), 11
Ok L P T (81‘1) (3:.11)
ok .. 03" 97t 02z

K OTT _mp 0T 0T OTTT ,

O 5k = O 5t a7 T+ awiowd (3.12)

with respect to (1.5).

According to the terminology from Section 1.2, a linear connection V* on
M is called an adapted linear connection with respect to the decomposition
(2.1) if and only if (1.2.1) and (1.2.2) are satisfied. Moreover, a pair (V, V'),
where V and V' are linear connections on D and D’ respectively determines
an adapted linear connection V* and viceversa (cf. Theorem 1.2.1). Thus from
Theorem 3.2 we deduce the following corollary.

Corollary 3.3. Let (M, F) be a foliated manifold with structural and transver-
sal distributions D and D’. Then there exist on M an adapted linear connec-
tion V* if and only if on the domain of each foliated chart on M there exist
real smooth functions {F;*,, Ci*;, F',75,C",";} satisfying (3.9)~(3.12) with
respect to (1.5).

.0
Next, we consider a structural vector field X = X* —— and from (3.6) we

deduce that its transversal and structural covariant derivatives with respect
to V on D are given by

. X -y
X'o = 52 + X Fja, (3.13)
and ox
B X" .
X'y =g+ Xk, (3.14)

respectively. Similarly, the transversal and structural covariant derivatives of

é
a transversal vector field Y = Y® Spo with respect to V/ on D’ are given by
x
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. oye
Y= 55 TYFL %, (3.15)
and gye
Y= 5o +YPC 5% (3.16)

Now, we consider an adapted linear connection V* = (V,V’) on (M, F) lo-
cally given by the functions {F;*,,C;*;, F',75,C' Y } and an adapted ten-

sor field T of type (g, s;r,t) with local components Th1 ;“gll . Then the

transversal covariant derivative of T with respect to V* is deﬁned by

11 lq a1
irigaroa, _ 0L B,
JieeJs BrBely S

i1 hza+1 z Q... w 81 ...0g QU1 - Eab+1 Qo 1y
ZT s BrBi Ey’ v+zT e P18 Flety3.17)

’Ll Zq [0S EERYe 78 i h _ 11 1q O1...00p / €
ZT ~hjet1..ds 51~~/3tF]C v Tj1~~js 51~~€Bd+1~~5tF Ba -
d=1

Similarly, we define the structural covariant derivative of the adapted
tensor field T with respect to V* by

11 lq a1
iigoaar _ OT5 61,
Ji--Js B Bellk oxk

Q1. hza+1 z Q... o 01 ...0q Q1 - aozb+1 QU
ZT "o BroBi Ch! kJrZTh e B Cle™% (3.18)

71 . zqocl 1. ZqOél ™ / £
ZT whjeqa. Jsﬁl Zle Js B1-. 5ﬁd+1~~~ﬁtcﬁd k

In particular, for a structural 1-form w = w;dz’ we have:

O
OxJ

5wi

(2) Wil = 5— —w;Fi, and (b) wy; = —wpCi*;. (3.19)

Similarly, for a transversal 1-form 6 = 6,dz® we obtain:

56, , 00,
(a) ealﬁ = m — nyF a’yﬁ and (b) aaHZ = W

—0,C" s (3.20)
Remark 3.1. It is noteworthy that both covariant derivatives given by (3.17)
and (3.18) define adapted tensor fields of type (g, s;r, ¢t + 1) and (g, s+ 1;7,¢)
respectively. n
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Next, in order to obtain the local components of curvature and torsion
tensor fields of both V' and V we state the following.

0 )

dxi Sz
)

main of a foliated chart on (M,F), where e is given by (2.3) for any
x

ae{n+1,..,n+p}. Then we have:

Lemma 3.4. Let { } be a semi-holonomic frame field on a do-

5 0 QAL 0
— — | = & . .21
{&ca amz} Ox* OxJ (3:21)
Proof. It follows by using (2.3) and properties of the Lie bracket. ]

An interesting geometric property of the non—holonomic basis M} of
x

I'(D') follows from (3.21). To state this we first give the following definition.
Let X be a vector field on an open subset V of M and ®; : V' — V be the
local flow of X around z € V. Then we say that the foliation F is invariant
with respect to the action of &, if for any leaf L with L NV’ # () we have

&,(LNV)C L, (3.22)

where L' is also a leaf of F.
Now, we prove the following.

Lemma 3.5. Let (M,F) be a foliated manifold and X a vector field on an
open subset V of M. Then the foliation F is invariant with respect to the
actions of all local flows of X if and only if

[X,Y] € I(Dp), VY € I'(Dy). (3.23)

Proof. Let @, be the local flow of X around = € V. If @, satisfies (3.22) then
Dyy is invariant with respect to @s.. Then we use the following formula for
Lie bracket at a point (cf. O’Neill [083], p. 31)

. 1
X V] = Jim ¢ (@0 (Vo) = Vo),

and obtain [X,Y], € D,. Conversely, suppose that (3.23) is satisfied and
consider a foliated chart {(U, ¢) : (2, %)} of M such that &« C V. Then with

0 9 oave
Ozt ope [ 0

respect to the natural field of frames

o O
+X“

Xy=X" — <.
lt ozt ox™
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Taking into account that

0
|:X|L{a 3:5’] € F(D|U)a

we deduce that X' do not depend on (x1,...,2™). Next, we consider the
system of differential equations

dz’ 1P

T = X728, 0,5 € {1,...,n},

dt

dira ‘o 3

W:X (I )’ O‘vﬂe{n+177n+p}7

whose solutions define local flows of X. If (z}),z5) € U is an initial condition,
then we have _ ' _ _

Dy(wh, 2f) = (27 (¢, x5, 25), 27 (¢, x5, 25))-
From the last p equations in the above system we deduce that z°(t, xh, ),
B e {n+1,..,n+ p} do not depend on (zf)). Hence ®; carries the plaque
% = 2§ to the plaque z° = xf(t,z§), which completes the proof of the
lemma. [

Next, we consider the projection morphisms @ and Q' of TM to D and
D' with respect to (2.1) and write X € I'(TM) as follows
X=QX+Q'X. (3.24)

Then we call QX (resp. @' X) the structural (resp. transversal) compo-
nent of X. Now we state the following interesting characterization of invariant
foliations.

Lemma 3.6. Let (M,F) and X be as in Lemma 3.5. Then F is invariant
with respect to the actions of all local flows of X if and only if the transversal
component of X is basic.

Proof. Consider a foliated chart and write X with respect to the semi—

holonomic frame field 0 - 0 as follows
oxt dz«
;0 )
X=X — 4 xo_~ . 2
oz’ + oz (3:25)
Then by direct calculations using (3.21) and (3.25) we obtain
0 oAk axk\ 0 oxe~ 4
X, — | =X & — — | — — — — .2
[ 78.%3] < dxd Oxd ) dzk Oz dxo (8:26)

Thus the assertion follows from (3.26) by using Lemma 3.5. n
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Taking into account Lemmas 3.4 and 3.5 we obtain the following.
Theorem 3.7. Let F be a foliation of M and D’ be a transversal distribution
to F. Then F is invariant with respect to local flows of all non—holonomic

)
vector fields Spa @ e{n+1,...,n+p}, given by (2.3).
xa

Next we consider an adapted linear connection V* = (V,V’) on (M, F)
and denote by R*, R and R’ the curvature tensor fields of V*, V and V'
respectively. Then we have

R*(X,Y)Z = R(X,Y)QZ+ R (X,Y)Q'Z, (3.27)

R(X,Y)QZ =VxVyQZ - VyVxQZ — V[ny]QZ, (3.28)

R(X,Y)Q'Z =V'\VyQ'Z -V, VQ'Z — foﬁy]Q/Z, (3.29)
6

0
for any X,Y,Z € I'(TM). Take a semi-holonomic frame field { 90’ 3
Tt ox™

and put:

9 0 a 1) 0 a h 0
(a) R ((W75xa> 8:ci_R((5xﬁ75:170‘) axi_RZ B gk’

a 0 )
8xj78xi)5xa_Raij6x€-

5 (0 §N\N§b6 . &
* ) -— = =y _— = aE ] 31
(b) B (83:1 6J:ﬂ> Sz R (8331 5ac5> Sz Ros dxe (3:31)
) ( 0

Then by using (3.28), (3.30), (3.8), (3.21) and taking into account that the
adapted tensor field T, %5 given by (2.19) is skew—symmetric with respect to
lower indices we obtain:

SEM,  OEs

Rihaﬂ =

h OFh,  &Chy,

OAJ
Ri ak — h =

g (333)

+ FoC" = C By o + Ci

oxk Sz
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Ok B + C,‘enghk — Ciszghj. (3.34)
Similarly, by using (3.29), (3.31), (3.7), (2.18) and (3.21) we deduce that:
_ 5F,a5ﬁ B 6F/Q{€’Y

h
R =

Rofoy = =5 g T E B F = Flal S F 5+t T, (3.35)
OF o5 0C" o5 0AY,
/ae ;= Ot‘ o [ 2 F/Qéy, / ai _ /auiF/ € /(ng‘ 2, .
Ro®oi = gpr ~ gap T 005 —CtiFuSat Cty p» (3:36)
9C' o5 OC" o
Rty = =57 = =55 + 0% = Ca7 0 (3.37)

Remark 3.2. It is easy to check that (3.32)—(3.34) and (3.35)—(3.37) can
be also obtained from (1.2.20) and (1.2.21) respectively by replacing the non—

o ¢
holonomic frame field { E;, E,, } by the semi~holonomic frame field {W o }

Taking into account (3.30) and (3.31), we state the following.

Theorem 3.8. The local components of the curvature tensor field of the
adapted linear connection V* = (V, V') with respect to the semi—holonomic

0 .
frame field {8xi ; m} are given by (3.32)—(3.37).

Next, we proceed with local components for torsion tensor fields of V*,V
and V’. Denote by T* the torsion tensor field of V* and by using (1.2.14),
(3.7), (3.8), (3.21) and (2.18) we obtain

O N e S
T(axj,axi>(cz Oj)axk,

A R N A )
T (aﬂ’(sIa)—T <(sxax>

. 9 5 (3.38)
= o _pk) — 'Y —>
<8xﬂ ja)f)a?k—i_cajéaﬂ
L 0 o\ ., O ' ' 6
g (w’m)‘Ta 8 gor T s = Flgla) 5a
On the other hand, we set:
L[ 0 0 e O
g (axax)—Tax
* 6 Y _ mx k 8 * oy J
T (W,(S(EOC>_TOC]M+TQ‘]5$’Y7 (339)

) é 0 )
T [ — , ) = T* k7 T 7, — .
<5xﬁ 690“) '8 ggr T8 5
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Comparing (3.38) and (3.39) we obtain the following.

Theorem 3.9. The local components of the torsion tensor field of the adapted
linear connection V* = (V, V') are given by

oAk

(a) T*%; = CF; — C%i, (b) T*oF 5 = Freae Fiko,
() T = C"a75, (d) T"a s = Fla"p = F'g7a, (3.40)
gAE  0Af
* ko __ ko o 7B,
() T"a"s =Ta"s = 55 — 5,

In Section 1.2, by using the Otsuki connections on a vector bundle we
defined a torsion tensor field for a linear connection on a distribution. More
precisely, according to (1.2.25) and (1.2.26), the linear connections V and V'
on D and D’ have the torsion tensor fields:

T(X,QY)=VxQY —VoyQX — Q[X,QY], (3.41)

and
T(X,Q'Y)=V5QY — Vb/yQ’X -Q'[X,Q'Y], (3.42)

respectively, for any X, Y € I'(TM). Now, take the semi-holonomic frame

0 0
field {&mi »m} and put:

! (3.43)
3.43
(b) T 6 0\ _ ok 0
Sz i) T T Qxk’
and 5 5 5
/ ) =17 )
(&) T (836-7 596") Ta’i ox
( o ) S (3.44)

Then, by using (3.41), (3.42), (3.7), (3.8) and (3.21) we obtain

_oa
T 9t

(a) Tik' = Cik' - Cjk' = T*ikj, (b) Taki — Fika = T*aki7 (345)

and
(@) T, =0, =T, )T g=F3—F3"a=T"."5. (3.46)

Therefore, we can state the following.
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Theorem 3.10. The local components of the torsion tensor fields of the struc-
tural and transversal linear connections ¥V and V' with respect to the semi—

0 )
holonomic frame field { 5 3 a} are given by (3.45) and (3.46) respectively.
¢ dx

Remark 3.3. The local components of the curvature and torsion tensor fields
of the structural and transversal linear connections V and V' with respect to
a semi-holonomic frame field define adapted tensor fields on (M, F). "

Remark 3.4. The Schouten—Van Kampen and Vranceanu connections are
examples of adapted connections on a foliated manifold. We shall make use of
them in Chapter 3 for studying foliated manifolds endowed with a Riemannian
(semi-Riemannian) metric. "

2.4 Ricci and Bianchi Identities

Let (M,F) be a foliated manifold with D the structural distribution and
D’ a transversal distribution on M. Suppose that V and V’ are structural
and transversal connections on M. In the present section we use both the
structural and transversal covariant derivatives in order to obtain Ricci and
Bianchi identities for V and V’.

First, we consider a structural vector field U = U? iq and by using (3.8),

Oz
(3.13) and (3.14) obtain
i 0 i 0
(a)V%UZUm@; (b)V%UZU”j@' (4.1)

By direct calculations using transversal and structural covariant derivatives of
adapted tensor fields (see (3.17) and (3.18)) we obtain the following covariant
derivatives of order two:

Vs Vo U=Ulap+ U Fa7s) 55 (4.2)
Voo Vi U= Uy +U'HC%";) 57 (4.3)
Vi, Voo U= U0+ U nEi"a) % ; (4.4)
Voo Voo U= (U +U'nCi"s) % : (4.5)

Then by using (4.2)—(4.5) in (3.28) and taking into account (3.30), (2.18),
(3.21), (3.45) and (3.46) we obtain the following identities:
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Ulaip = U'\gla = U'R; ap — U\ T' g — U 11T, (4.6)
Ulalj = Ulljla = UMRi'aj — U1, C'8 5 = U T"5, (4.7)
U'iie = Uljeg = UM RR' i = U n Ty (4.8)

Next, we consider a transversal vector field Z = Z¢
(3.7), (3.15) and (3.16) we obtain

0
» and by using
x(x

)
V' Z=2% ) b)Y V' Z=2%; —- 4.9
(a) 7 18 5 (b) oot It 5za (4.9)
Then we deduce that

« « 6
V% V% Z = (Z 18Iy + 2 ‘EF/,BEW) e (4.10)
V/a% V;ﬁ 7 = (Zalﬁ\lj + Za‘eclﬁsj) 5o ) (4.11)
Vi Vi Z= (2% + 2% ") 5 (4.12)

L dxJ T

)
\v4 o VILZ: (ZaHij+ZaHthhk) 57' (4.13)

ox oxd xr

Finally, by using (4.10)—(4.13) in (3.29) and taking into account (3.31), (2.18),
(3.21), (3.45) and (3.46) we obtain the identities:

ZQIBIV - ZQIWIB = ZsRlsaﬁv - ZQIET/BE’Y - Za\liTﬁi'ya (4-14)
Z%g1; — 2518 = Z°R " — 2°\.C' 5% — Z°i T35, (4.15)
2%k = 2% w; = Z°R e — 2Ty (4.16)

According to the name given for such identities in case of a linear connection
on a manifold, we call the groups of identities {(4.6), (4.7), (4.8)} and {(4.14),
(4.15), (4.16)} the structural Ricci identities and transversal Ricci i-
dentities respectively on the foliated manifold (M, F).

In order to obtain some Bianchi identities for both the structural and
transversal linear connections V and V' we consider the adapted linear con-
nection V* = (V, V') given by

ViY = VxQY + V5Q'Y, VX,Y € I(TM). (4.17)

Then we recall the Bianchi identities (see Kobayashi-Nomizu [KN63], p. 135)
for the linear connection V*:

S AVKTO(Y. 2) + T (T*(X,Y), Z) - R*(X,Y)Z} =0,  (4.18)
(X,Y,Z)
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and
> {(VXR)(Y,2) + R (T*(X,Y), 2)} (U) =0, (4.19)
(X,Y,Z)

forany X,Y, Z U € I'(TM), where Z denotes the cyclic sum with respect
(X,Y,2)

to X,Y,Z and T* and R* are the torsion and curvature tensor fields of V*.

For local expressions of (4.18) we have to consider the following cases.

0 1 0
C IX——7Y —72 .
ase 5 3 Soo

xf
Then by direct calculations using (3. 39) (3.45), (3.46) and (3.17) we obtain

* * 4 d _ mi 0] P 1)
(V%T ) (W’W) =Ta sy Ot + 10" gy 50 (4.20)

and

* * d 4 g _ i j [ ! € 9
g (T (6337’5:1:5) ,5z°‘> N <Ta T’y +1a’eTs V) ox?

+ (O/aszﬁjv + T,asuT/ﬁ#"/)

(4.21)

bxe
)
We now use (4.20), (4.21) and (3.31a) and taking into account that {5 }
xe

0
and {Z} are local bases for I'(D’) and I'(D) respectively, we deduce the

ox
identities: ) ) ) )
Y AT oy + Ta' Ty + To' T 5%} = 0, (4.22)
(a,8,7)
and
Yo AT o + O T + Tt Tl = Rla®p0} =0, (423)

(a,B,7)

where Z denotes the cyclic sum with respect to (o, 3,7).

(e.8,7)
Similarly, we obtain the local expressions of (4.18) for the next three cases.

0 1) 1)
mx=-".v=2"2,72="2_.
Case ozk oxb Sz

To' gy + Tp'wja = Ta'kis + Tk’ i Ta’ 5 = T'a"pTe'k + Ta' T3k (4.24)
2
_TﬁijTajk + TaiEC/ﬁEk _ T,BisC/aEk _ Rkia,@ — 07
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Tla’yﬂHk + Clﬁwkla _ C/a’yklﬂ _ T/asﬁcls'yk + C/oz’ijﬁjk
_ Clﬁ’ijOzjk 4 T/avsclﬂsk _ T/ﬂ’ysclaak (4.25)
+ R/g’yak — R/a’yﬁk =0.
0 0 0

C III. X = —,Y = - = .
ase ozk oxJ o™

Taink - TaikHj + Tb'ik|o¢ + Taithhk + TkihTahj — jihTahk

| , , | (4.26)
+C/a€kTslj . Claestlk + leak o szaj — 0’
C'a e = C'a k)
(4.27)
+ O T+ C 5O — C 55077 — R = 0.
0 0 0
C IV.Xzi,Y:%,Z: - .
ase Oxk oz’ ozt
AT e+ T T = R} = 0. (4.28)
(4,3,k)

The local expressions for (4.19) are obtained by considering eight cases.

) ) ) 0
C I. X = Y = y [ = y U = .
ase oz oxh oo v ozt
E {Riha,@\'y + Rihajngry + RihaeT/ﬂE,y} =0. (429)
(v, 8,7)
) 0 0
C II. X = Y = y L= —> U= .
ase doxY oxP oxJ v ozt

Ri" 5 + Rl — Rl iy + R Ty — Ri" ;T 5%,
+R" g TNy — RiP T + Rif e C'5% (4.30)

—R;",.C'5%; = 0.

1) 0 0 0
C Inm. X =—— Y =—, 7= ., U = .
ase oxY ozk oxI v oxt

Ri" iy + Rif g — Ry + Bif o T + R Ty wan

h h l h ! _
_Ri er'ka + Rz €j 'yskr - Rz skC A/Ej =0.
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0 0 0 0
IV. X = Y = —, Z = -, U = - .
Case IV Ozl Oxk Ox7 v Oxt
Z {R;" jiyn + Ri"jsTi’n } = 0. (4.32)
(4,k,h)
) 1) 1) 1)
C V. X = Y = L =—> U= —.
ase oxY oxh el v Sz
Z {R/Meaﬁw + R/us’yiTaiﬁ + R/NE’YVT/QV,B} =0. (433)
(a,B,7)
) 1) 0 1)
C VL X=—,Y=—,72=—,U=—.
ase oz oxb oxJ oz

R/uyﬁ'yl\j + R/uy'yjlﬁ - R/uyﬁjlv + R/uyjkTﬁk'y
_RINVEjT/ﬂE'y + R/MyﬁkT'ykj - Rluyvaﬁk‘j (434)
TR e — R4 Clp%5 = 0.

] 0 0 ]

C VII. X = WY =— J=—,U= .
ase doxY oxk ozJ oz

/ / / / h / h
R skely + By e — By ey + By anT e + R en T

(4.35)
_R/HthTth + R/ﬂuejclvgkr - R/uuekclvaj =0.
0 0 6
Case VIII. X = aJchdf: e Z:@, =
> AR jkn+ RS 5T} = 0. (4.36)
(3,k;h)

We call {(4.22), (4.24), (4.26), (4.28), (4.29)—(4.32)} and {(4.23), (4.25),
(4.27), (4.33)—(4.36)} the structural Bianchi identities and transversal
Bianchi identities respectively, corresponding to the adapted linear connec-
tion V* = (V,V’) on (M, F).

Remark 4.1. The above Ricci and Bianchi identities were obtained by
Bejancu—Farran [BF03a]. If in particular, we consider the foliation determined
by the vertical bundle on the tangent bundle of a Finsler manifold, then we
obtain all the Ricci and Bianchi identities for a Finsler connection (see Mat-
sumoto [Mat86], pp.79,80, Bejancu—Farran [BF00a], pp.34,35). n



3

FOLIATIONS ON SEMI-RIEMANNIAN
MANIFOLDS

In this chapter, we apply the results obtained in Chapter 1 and Chapter 2 to
the elegant situation of a semi—Riemannian manifold with a non—degenerate
foliation. In this case, there is a canonical distribution that is transversal to the
foliation. In Sections 3.1 and 3.2 we study the Vranceanu connection and the
Schouten—Van Kampen connection and relate their geometry to the geometry
of the foliation, the integrability of the transversal distribution, and to the
geometry of the ambient manifold.

This approach enables us to extend the notion of foliations with bundle—
like metrics to semi—Riemannian manifolds and to study their geometry. This
is done in Section 3.3.

Section 3.4 is devoted to foliations with certain geometric features. Here
we study foliations that are totally geodesic, totally umbilical, or minimal.

In the last section we discuss degenerate foliations of codimension one. This
will be the first step towards degenerate foliations (of arbitrary codimension)
that will be considered in the next chapter.

3.1 The Vranceanu Connection on a Foliated
Semi—Riemannian Manifold

Let (M, g) be an (n + p)-dimensional semi-Riemannian manifold and F be
an n—foliation on M. We assume that the tangent distribution D to the fo-
liation is semi—Riemannian, that is, the induced metric tensor field on D is
non—degenerate and of constant index on M (see Section 1.4). Then we call F
a non—degenerate foliation on (M, g), and (M, g, F) is a foliated semi—
Riemannian manifold. The complementary orthogonal distribution D+ to
D in TM is semi-Riemannian too, and we take it as the transversal dis-
tribution to the foliation F. Also, we call D the structural distribution
of F. The projection morphisms of TM on D and D+ with respect to the
decomposition

TM =D& D™, (1.1)

95
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are denoted by @ and Q' respectively. Then according to Theorem 1.5.1. we
can state the following.

Theorem 1.1. Let D and D+ be the structural and transversal distributions
on the foliated semi—Riemannian manifold (M, g, F). Then we have the fol-
lowing assertions:

(i) There exists a unique linear connection D on D satisfying the conditions:
DxQY — Dov@QX — QIX,QY] =0, YX,Y € I(TM),  (12)
and

(Dox9)(QY,QZ) = QX(9(QY,Q2)) — 9(DoxQY, Q%)

QY. DoxQZ) =0, ¥X.v.Zerrar). P

(ii) There exists a unique linear connection D+ on DL satisfying the condi-
tions:

DxQY —D5yQ'X —Q'[X,Q'Y] =0, VX,Y € I'(TM), (1.4)
and

(D x9)(QY,QZ) = Q' X(9(QY,Q'Z)) — g(DF xQ'Y, Q' Z)
~9(QY, D5 Q' Z) =0, VX,Y,Z € I(TM).

Moreover, from (1.5.3) and (1.5.4) we see that D is given by

29(DoxQY,Q7) = QX (9(QY,QZ)) + QY (9(QZ, QX))
—QZ(9(QX,QY)) + 9([QX,QY],QZ) (1.6)
—9([QY,QZ],QX) + ¢([QZ,QX],QY),
and
Do xQY = Q[Q'X, QY], (1.7)
for any X,Y, Z € I'(TM). Similarly, we deduce that D+ is given by

29D xQ'Y,Q'Z) = Q' X (9(Q'Y,Q'Z)) + Q'Y (9(Q'Z,Q' X))
-Q'Z(g(Q'X,Q'Y))+9([Q'X,Q'Y],Q"Z) (1.8)
—9([QY,Q'Z],Q'X) +¢([Q'Z,Q'X],Q'Y),
and
DgxQ'Y = Q'[QX,QY], (1.9)

for any X,Y,Z € I'(TM). We keep for D and D' the names as intrinsic
linear connections on D and D+ respectively (see Section 1.5).
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It is common in the literature to use the quotient bundle D = T'M/D
when studying the geometry of the foliation F. However, when M is a semi-
Riemannian manifold, then D is metric isomorphic to D+. Indeed, if v € T, M
defines the equivalence class [v] € T,M/D,, then k,:T,M/D, — Di;

ko ([v]) = Q'(v) defines a metric isomorphism & : (D, k*g) — (D, g), where
k*g is the pull-back of g by k. By using this isomorphism it is easily seen that
our differential operator D+ : I'(D)x I'(D+) — I'(D+) defined by (1.9) gives
what is known in the literature by Bott connection on D+ = D. Though
the Bott connection defines only structural covariant derivatives of transversal
vector fields, it has all the properties of a usual linear connection on D*. This
is a consequence of the fact that the Bott connection is the restriction of our
intrinsic connection D+ to I'(D)x (D).

Next, we consider the Levi-Civita connection V on (M, g). Then compa-
ring both (1.6) and (1.8) with (1.5.10) and taking into account (1.7) and (1.9)
we obtain

(a) DxQY = QVoxQY + QQ'X, QY]

(b) DxQY = Q'VoxQ'Y +Q'[QX,Q'Y],
for any X, Y € I'(TM). By using (1.10b) and the above isomorphism we
deduce that the intrinsic connection D+ on D+ is just the linear connection
V defined by the formula (3.3) in Tondeur [Ton97], p.21, which has been used
throughout that book and in several other works on foliations.

The adapted linear connection on (M, g, F) determined by the pair (D, D)
is the Vrinceanu connection V* defined by the Levi-Civita connection V (cf.
Theorem 1.5.3).

By using some general formulas for adapted linear connections (see (1.2.4)
and (1.3.16)) we deduce that the Vranceanu connection is given either by

(1.10)

ViY = DxQY + DxQ'Y, (1.11)
or by
ViY = QVoxQY + Q' VoxQ'Y +Q[Q'X,QY] + Q'[QX,Q'Y], (1.12)

for any X,Y € I'(TM). Moreover, from Corollary 1.5.4 we see that the Vran-
ceanu connection V* on (M, g, F) is the only adapted linear connection on
(M, D, D+) satisfying the conditions:

(a) (Vox9)(QY,QZ) =0, (b) (Vox9)(QY,Q'Z) =0, (1.13)

and
(a) Q(T*(X,QY)) =0, (b) Q(T*"(X,QY)) =0, (1.14)
for any X, Y € I'(TM), where T* is the torsion tensor field of V* given by

T*(X,Y) = ViY — Vi X — [X,Y]. (1.15)
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Finally, we note that the semi—Riemannian metric g is not parallel with respect
to any of the intrinsic connections. More precisely, using (1.7), (1.9) and (1.11)
we deduce that

(Do'x9)(QY,QZ) = (Vi x9)(QY,QZ) = Q' X(9(QY,QZ))

(1.16)

and
(Dgx9)(QY,Q'Z) = (VHx9)(Q'Y,Q'Z) = QX (9(Q'Y,Q'Z))
—9([QX,QY],Q'Z) — g([QX,Q'Z],Q'Y),

for any X,Y,Z € I'(TM).
Now, we want to develop a study of the Vranceanu connection in local

(1.17)

0 0
coordinate systems. First, we consider the natural frame field -~ )
oxt Oz

0
where e eI'(D),ie{1,...,n}, and put

o 0 o 0
o L9, R : 1.1
@ o= (pm ) Won=s(pmgm) 019
. d .

Taking into account that el € {n+1,...,n+p}, given by (2.2.3) are

now orthogonal to {88} i € {1,...,n}, we obtain

ltl

Gjo — Abgij = 0. (1.19)

Since [g;;] is the matrix of local components of the semi-Riemannian metric
induced by g on D, it has an inverse which we denote by [¢"*]. Then from
(1.19) we deduce that
Al =g g;,. (1.20)
0

Next, we consider the semi—holonomic frame field { i 5“} » where
' Ox

0 0 0

— = - AL > 1.21
oz Oz * Ozt (1.21)
and A’ are given by (1.20). With respect to this frame field we set:
. 0 o0  _x O0

@) Vo Bur = Dot ur =3

) ) ) (1.22)
L — Dk
(b) Vé%a py D py D;", 5k

and
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) )
*y — = D% =L, ;

(2) Va‘zl dxe o7 b “ s

5 5 5 (1.23)
b) V*;, — = D= F
(b) vg::ﬁ ox® 527 0x B 5

Also we put
0 1)
ws=9|—r—|> 1.24

and denote by [¢7#] the inverse matrix of [gqga].

Proposition 1.2. The local coefficients of the intrinsic connections D and
0

D with respect to the semi~holonomic frame field { — » —
ox'  dxe

} are given by

(a) cﬁjzlgkh@ghwagh] ‘99”>, (b) Do = P22 (1.95)

2 OxJ oxi Oz LT g
and
1 3Gua 09 09a
B _ B = 2 gPnr & m_ 22, .
(a) La"; =0, (b) F,", 29 (53:7 + 520 S (1.26)
respectively.

Proof. By direct calculations using (1.6)—(1.9), (1.11), (1.18a), (1.22)—(1.24),
(2.2.18) and (2.3.21). .

Corollary 1.3. The local coefficients of the Vranceanu connection with res-

0 5} are given by (1.25) and

pect to the semi—holonomic frame field < — »
ozt dx@

(1.26).

Remark 1.1. By using the Cartan method of differential forms, Vaisman
[Vai71] obtained the local coefficients given by (1.25) and (1.26) on a foliated
Riemannian manifold (M, g, F). He named the linear connection given locally
by (1.25) and (1.26) the second connection on (M, g, F), keeping the name
first connection for Levi-Civita connection on (M, g). On the other hand,
by using (1.12) we can easily see that the adapted connection V7 defined
by Reinhart [Rei83], p. 147 is just the Vranceanu connection V* on (M, g, F).
Taking into account that Vranceanu [VG31] constructed first this connection
on non-holonomic manifolds (see Sections 1.3 and 1.5), throughout the book,
we call V* given invariantly by (1.2) and locally by (1.25) and (1.26), the
Vranceanu connection on (M, g, F). n

Now, we deduce the local components of the torsion and curvature tensor
fields of V*. First, we prove the following.
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Proposition 1.4. The local components of the torsion tensor field T* of the
Vranceanu connection are given by

(a) T*%; =0, (b) T*a* =0, (c) T*a7: =0,

SAE  5AE (1.27)
d) T","5 = Troky =2 — 2,
( ) s =0, (e) B 528 S0
where AE are given by (1.20).
Proof. By using (1.25) and (1.26) into (2.3.40). "

As T*,*5 is the integrability tensor for the transversal distribution (see
(2.2.18)—(2.2.20)), we can state the following.

Theorem 1.5. The transversal distribution to the foliation F is integrable if
and only if the Vrdnceanu connection on (M, g, F) is torsion—free.

Finally, by using (1.22) and (1.23) in (2.3.32)—(2.3.37) we obtain the fol-
lowing.

Proposition 1.6. The local components of the curvature tensor fields R and
R’ of the intrinsic connections D and D+ with respect to the semi-holonomic

frame field i ; are given by
6 7 6 [
'z
6D;"o DM ;
Rihaﬁ = S2B - S +Dija Djhﬁ
—Di?g Dt + Ct; T* o, (1.28)
oD, sCM ,
Rk = “opk &Cak + Dy’ th
—Cif . D" + Ci"; Dy, (1.29)
h acihj ‘9Cihk 14 h V4 h
R; e +Ci% C'y — Ciy Cp'y, (1.30)
0F,¢ SF.¢
R/aeﬁA/ = T’yﬁ - 5.%/37 + Flg By — Fol'y Fup, (1.31)
OF,*
o = — 5" (1.32)
Rofij =0, (1.33)

where in the left hand side we use the notations from (2.3.30) and (2.3.31).
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Taking into account that V* = (D, D%) we deduce that all the local
components of the curvature tensor field of the Vranceanu connection are
given by (1.28)—-(1.33).

By using the local coefficients of the Vranceanu connection V* on (M, g, F)
we can define the transversal and structural Vranceanu covariant deri-
vatives of an adapted tensor field T = (T?l"'?qal"gj) as follows (see (2.3.17)

J1.--JsPBi-..
and (2.3.18)):

11 zqal
irigarar _ OLj gy
JredsBiBely T oY

214..hza+1 zocl Qe o 010 0q01 . 60¢b+1 o
ZT LGeBr B Dy’ +ZT BN Fey(1.34)

t

i1 bg Q1. Qi h i1...5qQ1 ...y e
ZT chjet1.JsB1. B DJC v le---jsﬁ1~~~55d+1~~-ﬁt Fﬁd v
d=1
and iiga
1 1.
i1 dqQur .. Qi 8T jsﬁl ﬁt
GiedsBrBellk = oxk
(1.35)
i1... hza+1 AgQr...0 i _ Z i1...0g001 . h
+ZT ~JsPre Ch'k T; h]c+1 Jsﬁ1 B C]C ks
respectively.

When the transversal (resp. structural) Vranceanu covariant derivative of
T vanishes identically on M, we say that 7" is transversal (resp. structural)
Vranceanu parallel. As examples we have the adapted tensor fields g;; and
gap which are structural and transversal Vranceanu parallel respectively (see
Proposition 1.8).

Remark 1.2. Each of these covariant derivatives is defined by using both in-
trinsic connections D and D<'. If we consider only the connection
Dt = (L,Yi, F,75) on the transversal distribution (which was considered
so far in the literature), none of the above covariant derivatives can be de-
fined. Thus from this point of view, our study is completely different from
what is known in the literature. [

Due to (1.26a) the structural Vranceanu covariant derivative has a sub-
stantially simplified form in comparison with (2.3.18). In particular, for a

transversal tensor field T = (Tgllv‘.‘.'ﬁof), from (1.35) we deduce that
L oTgl gy

Ckl _ P1ePt
Ta sl = gt

(1.36)

Then taking into account the definition of basic transversal tensor fields (see
(2.2.14)) and (1.36) we obtain the following.
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Theorem 1.7. A transversal tensor field on a foliated semi—Riemannian ma-
nifold (M, g, F) is basic if and only if it is structural Vrdnceanu parallel.

We now exemplify the above covariant derivatives for three classes of
adapted tensor fields: vector fields, 1-forms and semi—Riemannian metrics.
First, if X = X'0/0z" and Y = Y®§/6z® are structural and transversal
vector fields, then we have

Xt aX?

() X'jy = 5=+ X/D;'5, (b) X'y = ok T X'Cj', (1.37)
and Y« oYy«
(2) Yy = = + YIF",, (b)) Y = o (1.38)
respectively. Similarly, for w = w;éz’ and 0 = 6,dz®, we obtain:
(a) wijy = g%y —w;Di .y, (b) wyg = % —w;Ci, (1.39)
and 50 90
(a) O, = 573 —05F. ., (b) 0oy = 87;’ (1.40)

respectively. Finally, we note that the semi-Riemannian metric on D (resp.
D) is a structural (resp. transversal) tensor field with local components g;;
(resp. gapg) given by (1.18a) (resp. (1.24)).

Proposition 1.8. The structural and transversal Vranceanu covariant deri-
vatives of gij and gag are given by

h h
(a) gijje =0, (b) gijly = % — Ghj % = Gin %7 (1.41)
(c) 97k =0,
and 9
() gapie = G (9) Gapy =0, () g°° =0, (142)
respectively.
Proof. We replace {QX,QY,QZ} in (1.13a) by {aik ) % ) 8?51} and by

using (1.18a), (1.22a) and (1.35) for g;;, we obtain (1.41a). In a similar way
(1.42b) follows from (1.13b). Next, we apply (1.34) for g;; and by using (1.25b)
we infer (1.41b). Also, from (1.36), (1.42a) follows. Finally, (1.41c) and (1.42c)
are consequences of (1.41a) and (1.42b) respectively. "

We note that (1.41b) is more complicated than all the other covariant
derivatives. For this reason we present an equivalent formula to (1.41b). First
we define the local functions
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1 (0gia . Ogja  0Ogij
i = - 4 o _ : 1.4
) (&BJ + ox*  Oz¢ (143)

where ¢;; and g;o are given by (1.18). Then we state the following.

Proposition 1.9. The transversal Vranceanu covariant derivative of g;; is
given by
9ijlr = 2 (Ci*j gra — i) - (1.44)

Proof. Take the partial derivatives of gihA’,; = gi, with respect to z7 and

obtain oA
Al Ogi 9gin
; T = I pqh 1.45
Jih OxJ oxJ 7 OxI ( )

Then by using (1.21), (1.45) and (1.43) in (1.41b) we deduce that

9gi n 09ij nO0gin  09jy nOgin  0Givy
ijly = - A - — 4 A .
Jidlr = g T * R M B R
5 5 ) (1.46)
— Ah [ %9in gin _ 995 | _ o, ..
v ( ox' | Dzi  oah g
Thus (1.44) follows from (1.46) by using (1.20) and (1.25a). "

Finally, from Section 2.4 we derive the Ricci and Bianchi identities for the
Vranceanu connection. First, we use (1.27) and (1.33) in (2.4.6)—(2.4.8) and
(2.4.14)—(2.4.16), and deduce that the structural and transversal Ricci
identities for V* are given by:

Ullatg = Uligla = U/ Rl ap — U 1nT o, (1.47)

Ul = U'jjla = UM Rp"aj, (1.48)

Uiin = Ul ws = UM Ri i, (1.49)
and 970

Z%gly = 2%y = Z°R' "y — e T*ﬁkw (1.50)

Z%p15 — Z%j18 = Z°R'<*gj, (1.51)

Z%51k = Z% ks = 0, (1.52)
respectively.

Next, by using (1.27) and (1.26a) in (2.4.22), (2.4.24), (2.4.26), (2.4.28)
and (2.4.29)—(2.4.32), we obtain the following structural Bianchi identities
for the Vranceanu connection:
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> AT ) =0, (1.53)

(a,8,7)
T*a' )k = Ri'ap; (1.54)
Rj'ar = Ritaj, (1.55)
> (R} =0, (1.56)

(i.3.k)
Z {Ri"appy + Rifaj T*p7,} =0, (1.57)

(a,3,7)
Rihﬁvl\j + Rihvj\,@ - Rih,@jh + Ri", T*5%, =0, (1.58)
R jupy + Ri"jix — Ri"wyy = 0, (1.59)
Y Rk} =0 (1.60)
(4.kh)

Similarly, by using (1.27), (1.26a) and (1.33) in (2.4.23), (2.4.25), (2.4.27) and
(2.4.33)—(2.4.36) we deduce the following transversal Bianchi identities
for the Vranceanu connection:

> Ry} =0, (1.61)
(a,8,7)
R\ i = R'5"an, (1.62)
Z {R/ueaﬁlv + Rlﬂevi T*aiﬁ} =0, (1.63)
(o, 8,7)
Rluuﬁ'y\lj + R/#ijlﬁ - R/#Vﬁj\’v =0, (1.64)
Rl/tu"fj\lk = R,uuvk\lj' (1.65)

Because of (1.26a) and (1.33) the identities (2.4.27) and (2.4.36) become trivial
for the Vranceanu connection. All these Ricci and Bianchi identities have been
obtained by the authors in Bejancu—Farran [BF03a].

Remark 1.3. The above Bianchi identities shed more light on the curvatu-
re tensor field of the Vranceanu connection. For example, the identity (1.54)
gives an elegant formula for Ry’,s (compare with (1.28)). Also, from (1.55)
and (1.62) we deduce that Rjiak and R'," g, are symmetric adapted tensor
fields with respect to indices (jk) and (a3) respectively. m
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3.2 The Schouten—Van Kampen Connection
on a Foliated Semi—Riemannian Manifold

Let (M, g,F) be an (n + p)-dimensional foliated semi-Riemannian manifold
with structural and transversal distributions D and D+ of rank n and p respec-
tively. In this section we develop a study that is inspired by the theory of non—
degenerate submanifolds of semi—Riemannian manifolds (cf. O’Neill [083],
p- 97), and obtain some induced geometrical objects on both distributions D
and D*. In particular, the pair of induced connections (V, V') determines
the Schouten—Van Kampen connection induced by the Levi-Civita connection
on (M, g) (see Sectionl.5).

Let V be the Levi-Civita connection on (M,g). Then according to the
theory we developed in Section 1.5 (see (1.5.17)—(1.5.20)) we have

VxQY =VxQY + h(X,QY), (2.1)
and B
VxQ'Y =HW(X,QY)+ VxQ'Y, (2.2)
where we set:
(a) VxQY = QVxQY, (b) VxQ'Y =Q'VxQ'Y, (2.3)

and
(a) h(X,QY) = Q'VxQY, (b)H(X,QY)=QVxQY, (2.4)

for any X,Y € I'(TM). Here, V and V-~ are the induced connections on D
and D+ respectively. Also, we call h : I'(D)xI'(D) — I'(D+) given by

hQX,QY) = Q'VoxQY, VXY € I(T'M), (2.5)
the second fundamental form of the foliation F. Clearly, at any point
x € M, h coincides with the second fundamental form of the leaf of F passing
through . Similarly, we call b’ : I'(D+)xI'(D+) — I'(D) defined by

WQ'X,QY)=QVyxQY, VX,Y € I'(TM), (2.6)

the second fundamental form of the transversal distribution D-+.

Lemma 2.1. The induced geometric objects V,V+, h and h' satisfy the fol-
lowing equalities:



106 3 FOLIATIONS ON SEMI-RIEMANNIAN MANIFOLDS

(a) VoxQY — Voy QX — [QX, QY] =0,

(b) M(QX, QY) = h(QY, QX),

(c) VoxQY — Do:xQY = 1 (QY,Q'X),

(d) V4y QX — D&, Q'X = h(Q'X,QY),

(e) M(Q'X,QY) - h(QY,QX) =Q[Q'X,QY],

(f) VQ'XQIY v 'YQ/X =Q'Q'X,QY], (2.7)
(2) VoxQY = DoxQY,

(h
(k

V5« QY = D5, xQY,

(Vx9)(QY,QZ) = ( (QY,QZ)) — 9(VxQY,QZ)

(0) (Vx9)(QY.Q'Z) = X(g (Q'Y Q' Z)) —-9(VxQ'Y,Q'2)
—9(QY,VxQ'Z) =

)
)

for any X,Y,Z € I'(TM), where D and D+ are the intrinsic connections on
D and D respectively.

Proof. By direct calculations using (2.3), (2.4), (1.7), (1.9), (1.10) and taking
into account that D is integrable and V satisfies (1.5.8) and (1.5.9). n

Corollary 2.2. Let (M, g, F) be a foliated semi—Riemannian manifold. Then
we have the assertions:

(i) The second fundamental form of the foliation is symmetric.
(ii) The second fundamental form of the transversal distribution is symmetric
if and only if D+ is integrable.

Next, from (2.1) and (2.2) we obtain

(a) VoxQY = VoxQY + h(QX,QY),

~ (2.8)
(b) VoxQ'Y = —AgyQX + V5xQ'Y,
where Agy : I'(D) — I'(D) is an F(M)-linear operator given by
Aoy QX = —H(QX,Q'Y) = —QVoxQ'Y. (2.9)

According to the terminology from the theory of submanifolds we call Agry
the shape operator of the foliation F with respect to the normal section
Q'Y . Similarly, we write:

(a) VoxQY =H(Q'X,QY) + V4 xQ'Y,

N (2.10)
(b) VorxQY = VoxQY — ALy Q'X,
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where Agy : (DY) — (DY) is an F(M)-linear operator given by

QX = -hQ'X,QY) = -Q' Vg xQY. (2.11)

Then we call A’QY the shape operator of the transversal distribution with
respect to QY € I'(D).

Taking into account that h is symmetric (see (2.7b)) and by using (1.5.23)—
(1.5.25) and the assertion (iii) of Lemma 1.5.5 we state the following:

Lemma 2.3. The second fundamental forms and the shape operators of F
and D+ satisfy:

(a) g(h(QX,QY),Q'Z) + g(M(QX,Q'Z),QY) = 0,

(b) g(P'(Q'X,Q'Y),QZ) + g(MQ'X,QZ),Q"Y) = 0, (2.12)
(c) 9(AgzQX,QY) = g(QX, Ag zQY) = g(h(QX,QY),Q'Z),

(d) 9(AnzQ'X,Q'Y) = g(W(Q'X,Q'Y),QZ),

forany XY, Z € I'(TM).

Corollary 2.4.

(i) The shape operator of the foliation F is self-adjoint.

(ii) The shape operator of the transversal distribution is self-adjoint if and
only if D+ is integrable.

The basic properties of foliations with special second fundamental forms
are presented in Section 3.4.

Next, we denote by V° the Schouten—Van Kampen connection determined
by the Levi-Civita connection V on (M, g), that is, we have (cf. (1.3.15))

VY = QVxQY +Q'VxQ'Y, VX,Y € I'(TM). (2.13)

Remark 2.1. From (2.13) we can see that the almost product connec-
tion defined by Reinhart [Rei83], p. 147 is just the Schouten—Van Kampen
connection. n

Next, from Theorem 1.5.7 it follows that V° is an adapted linear connec-
tion on (M, D,D') determined by the pair of induced connections (V,V1).
Hence we have:

V&Y = VxQY +VxQ'Y, VXY € I'(TM). (2.14)

Taking into account that on (M,g,F) we also constructed the Vranceanu
connection V*, we should investigate the case V° = V*. This was done in a
more general setting in Section 1.5 for two complementary orthogonal semi—
Riemannian distributions. Thus we only recall here the following important
result (see Theorem 1.5.8).
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Theorem 2.5. Let (M, g, F) be a foliated semi—Riemannian manifold. Then
the Schouten—Van Kampen and Vranceanu connections coincide if and only if
D+ is integrable and M is a locally semi-Riemannian product of local leaves

of D and D+.

Now, we find the local coefficients for the Schouten—Van Kampen connec-
tion. First, we put:

s 0 g ok 0
(2) Va% ort Vﬁ oxt SR oxk
5 (2.15)
o _ _ ok Y ,
(b) Vafu ozt v&f“ drt D"ia oxk
and 5 5 5
(a) VOd = vLa = I/OO[BZ -
ozt 5xa ozt 5xa (5:Eﬁ
5 5 5 (2.16)
o - _ gl T _ po B _Z_.
(b) va% dx® vaw% dx™ & 5B

Also we need some local components for the bilinear mappings h and h':

59 5
o A L
(&) h(aza &pi) ha's 5om

0 ) 0
/ kT
(b) (5‘1:2"(%0‘) (g * Ok

(2.17)

Proposition 2.6. The local coefficients of the induced connections V and V+

9 i re given b
ort Sxe are 9w 4

with respect to the semi—holonomic frame field {

1 ; : ”
(a) C°F; = Cik; = — gt (6‘%' + 91 — 8g]> ;

2 Oxd oxt  Oxh
1, (dg:
0) D0 = 50 (22 4 D gty — D (218)

= Dika + h/ikaa

and

1 ) .
(a) Loaﬁi = 59[” < (,:)g;: -T ozk'y gki) = haﬁia
(2.19)

1 0Gua dg 09a
o B _p B _ L Bu w wy v,
(b) F2aly = Fa7y 2 g ( oxY oz dxk

respectively, where (C;¥;, D;*,, F,P.) are the local coefficients of V* and
T*.% 5 is the integrability tensor of D+.
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Proof. By using (2.7g), (2.7h), (2.15a) and (2.16b) we obtain (2.18a) and
(2.19b). Next, we use (2.3), (1.5.10), (2.15b), (2.16a), (2.2.18), (2.3.21), and
we deduce the first equalities in (2.18b) and (2.19a). Finally, the second equa-
lities in (2.18b) and (2.19a) follow by using (2.7¢), (2.7d), (2.15b), (2.16a),
(1.22b), (1.23a) and (2.17). "

Corollary 2.7. The local coefficients of the Schouten—Van Kampen connec-
0

ozt

1
tion with respect to the semi-holonomic frame field { , 50‘} are given by
x

(2.18) and (2.19).
As a consequence of (2.7¢) and (2.7k) we state the following.

Proposition 2.8. The Schouten—Van Kampen connection V° is a metric
adapted linear connection on (M, g, F), that is, we have

(a) gijjer =0,

(b) gijioy =0, (2.20)
(¢) Gapjor =0, .
(d) ga[ﬂo'y =0.

where we denoted by |° and ||° the transversal and structural covariant deri-
vatives with respect to Schouten—Van Kampen connection.

Also, by using (2.3.40), (2.18), (2.19) and (1.25b) we obtain the following.

Proposition 2.9. The local components of the torsion tensor field T° of the
Schouten—Van Kampen connection are given by

T 0, (2.21)
d) To(xﬂz - Loaﬁz — haﬁza
§Ak  GA%
T° ko _ T* ko _ B .
(€) T% s R P B P

Finally, by using (2.3.32)-(2.3.37), (2.18), (2.19), (1.28)—(1.33), (2.3.17)
and (2.3.18) we deduce all the local components of R° as they are stated in
the next proposition.

Proposition 2.10. The local components of the curvature tensor field R° of
the Schouten—Van Kampen connection are given by
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a)
b) R’ ar=Ri' ar+h i ok

itaﬁ:Ritaﬁ'i‘h/ita\g—hlitma'i‘h/ija h/jtﬁ—h/ijﬁ hljtav

(2.22)

d)

(a) R°

(

(c) R%i'jr = Ri*j,
(d) R°a®gy = R'a®py +ha®j T4,
(

e) Roag,@i - R/aeﬁi - hozai\ﬁv

0hoti  OhgS;
(f) R°u5ij = 8;]‘1 - ﬁ + hos hg®; — ha; hgts,
where the terms appearing on the right hand side of these equations are the
local components of the torsion and curvature tensor fields of the Vranceanu

connection V*, and all covariant derivatives are considered with respect to V*.

3.3 Foliated Semi—Riemannian Manifolds
with Bundle—Like Metrics

The purpose of this section is to study the geometry of foliations with bundle—
like metrics on semi-Riemannian manifolds. This important class of foliations
was introduced by Reinhart [Rei59a] in the Riemannian case. First we in-
troduce those foliations and then we find several of their geometric charac-
terizations. This is followed by determining explicit expressions for the local
components of the curvature tensor of the intrinsic connection D+ on D+,
and for the transversal Bianchi identities with respect to the Vranceanu con-
nection. It is noteworthy that the curvature tensor field of D' satisfies the
same identities as the curvature tensor field of the Levi-Civita connection.
This enables us to define and study foliated semi—Riemannian manifolds of
constant transversal Vranceanu curvature and transversal Einstein foliated
semi—Riemannian manifolds.

Let (M, g,F) be an (n + p)-dimensional foliated semi-Riemannian mani-
fold, where F is a non—degenerate n—foliation. Consider the intrinsic connec-
tion D+ on the transversal distribution D+ (see (1.8) and (1.9)), and give
the following definition. We say that the semi-Riemannian metric g on M
is bundle—like for the non—degenerate foliation F if the induced semi-Rie-
mannian metric on D+ by g (denoted by the same symbol g) is parallel with
respect to the intrinsic connection D+, that is, we have (see (1.5.28))

(Dx9)(QY.Q'Z) = X(9(Q'Y,Q'Z)) - g(DxQ'Y.Q'Z)

(3.1)
—9(Q'Y,D%Q'Z) =0, VX,Y,Z € I'(TM).

When for a given foliation F there exists a semi-Riemannian (Riemannian)
metric g on M which is bundle-like for F, we say that F is a semi—Rieman-
nian (Riemannian) foliation on (M, g), and g is bundle-like for F. An
explanation of the above name for F is given later on in this section.
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Comparing with the terminology we introduced in Section 1.7 on non—
holonomic manifolds, we see that ¢ is bundle-like if and only if g is Vrancea-
nu-parallel on D+.

Moreover, taking into account (1.5), (1.17) and (3.1) we state the following.

Theorem 3.1. The semi—Riemannian metric g on M is bundle—like for F if
and only if we have

QX((QY,Q'2)) - 9(lQX,QY],Q'Z) — g([QX,Q'Z],Q'Y) =0, (3.2)
forany XY, Z € I'(TM).

Remark 3.1. By using the metric isomorphism D+ ~ TM/D it is easy to
see that the characterization of a bundle-like metric stated in Theorem 3.1
coincides with the one presented in Tondeur [Ton97], p. 43, for a Riemannian
metric. Also, in the above reference, the foliation F is called a Riemannian
foliation or a foliation with holonomy invariant transversal bundle. [

Since it was introduced by Reinhart, the class of foliations with bundle—like
metrics on Riemannian manifolds was the focus of investigation and attention
of many geometers. Several interesting results appeared. We will not present
all those results here, but we refer the reader to Tondeur for references to the
original papers.

Our definition of foliations with bundle-like metric is not the definition
given originally by Reinhart. However, those two definitions are equivalent as
we see below.

To reach the original definition given by Reinhart, we consider locally a

4 } on (M, g,F), where 5% are given
T

Azt bx
by (1.21). Then, by using the dual semi-holonomic frame field {§x?, dz®},
where we put

semi—holonomic frame field {

Sx' = da' + A, da*, (3.3)
we obtain the following local expression for the semi-Riemannian metric g:
Giocar = gij (x",27)0" 627 + gap(a*, 27)dx® da”, (3.4)

where g;; and gag are defined by (1.18a) and (1.24) respectively.

Theorem 3.2. The semi—Riemannian metric g on M is bundle-like if and
only if the transversal local components gog of g define a basic transversal
tensor field, that is, we have

69@6
oz’

=0, Vie{l,...,n}, a,fe{n+1,...,n+p}. (3.5)
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) )
Proof. Replace {QX,Q'Y,Q'Z} from (3.2) by {86371'7695&75955} and by

using (1.24) we obtain

ds ([0 0] 5N ([0 5] 5\ ,
ozt g oxt x| 5xP g oxt 6xP| oz )

Taking into account that the above Lie brackets do not have transversal com-
ponents (see (2.3.21)), we deduce that (3.2) and (3.5) are equivalent. n

Remark 3.2. The condition (3.5) for the semi-Riemannian metric ¢ repre-
sents the definition given by Reinhart [Rei59a], p.122, for Riemannian bundle—
like metrics. [

Remark 3.3. By using (3.5) we also see that g is bundle-like for F if and
only if the transversal tensor field g, is structural Vranceanu parallel. [

Due to (3.4) and Theorem 3.2 we deduce that the local expression for the
bundle-like semi—Riemannian metric g is the following

Jlocal = Jij (mk,x"’)éxi Sz7 + Jap(z?)dzx® dzP. (3.6)

Remark 3.4. An intuitive geometrical meaning of a bundle-like Riemannian
metric g was given by Reinhart [Rei59a], p. 123. Namely, he proved that g
is bundle-like if and only if each geodesic in (M, g) which is tangent to D+
at one point remains tangent for its entire length. This characterization of a
bundle-like Riemannian metric gives a reason for the name totally geodesic
distribution for D+ (cf. Reinhart [Rei83], p. 150). When the leaves of the
foliation are totally geodesic immersed in (M, g), Yorozu [Y83] proved that g
is bundle-like if and only if all geodesics in M make a constant angle with
leaves. n

Several characterizations of bundle-like metrics are presented in the next
theorem.

Theorem 3.3. Let (M, g, F) be a foliated semi—Riemannian manifold, where
F is a non—degenerate foliation. Then the following assertions are equivalent:

(i) g is a bundle-like metric for F.
(ii) The induced metric g on D+ is parallel with respect to Vranceanu connec-
tion V*. _
(iii) The Levi-Civita connection V on (M, g) satisfies any one (and hence all)
of the following equalities:
9(VavQX,Q'Z) +9(VezQX.Q'Y) =0, (3.7)
9(QX.VoyQ'Z +VqzQY) =0,
29(VoyQ'Z,QX) = g([Q'Y,Q'Z], QX), (3.9)
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(iv) QX is a D*-Killing vector field for any X € I'(TM).
(v) The second fundamental form h' of D+ is given by

W@QY.Q7) = SQERY.QZ), VY. Zel(TM).  (3.10)

(vi) The symmetric second fundamental form B's of D+ wanishes identically
on M.

(vii) For any X € I'(TM) the shape operator Agx of D+ is skew-symmetric
with respect to g, that is, we have

9(Apx QY. Q'Z) +g(Q'Y, ApxQ'Z) =0, VY, Z e I'(TM). (3.11)
(viii) The torsion tensor field of Vrdnceanu connection V* is given by
TX,Y)= -2 (Q'X,Q'Y), VX, Y € ['(TM). (3.12)

Proof. The equivalence of (i) and (ii) follows by using (3.1) and (1.11). By
using (1.5.8) and (1.5.9) for V in (3.2) we deduce that (3.2) and (3.7) are
equivalent. The same conditions (1.5.8) and (1.5.9) for V imply the equivalence
of (3.7), (3.8) and (3.9). Thus (i) and (iii) are equivalent. By using (1.5.35) for
DL we infer the equivalence of (3.7) and (iv) and therefore of (iii) and (iv).
Next, by using (2.6) and (3.9) we obtain

o(W(@Q'Y,Q'2),QX) = 9(QVrQ'Z,QX) = L 9(QIQ'Y.Q' 7}, QX),

which proves the equivalence of (3.9) and (3.10). Taking into account (1.5.34)
we deduce that the symmetric second fundamental form A * of D+ is given by

(W (QY.Q'Z)+1(Q'Z,QY)),
VY, Z e I(TM).

|~

WQY,QZ) = (3.13)

Then by using (2.6), (3.8) and (3.13) we deduce the equivalence of (vi) and
(iii). Clearly, (vi) and (vii) are equivalent via (2.12d). Finally, since h is sym-
metric, by using (1.6.14) we obtain the equivalence of (vi) and (viii). n

Theorem 3.4. Let (M, g, F) be a foliated semi—Riemannian manifold, where
F is a non—degenerate foliation and g is bundle—like for F. Then the following
assertions are equivalent:

(i) D+ is an integrable distribution.
(ii) The second fundamental form h' of D+ vanishes identically on M, that is,
we have
W(Q'X,QY)=0, YX,Y € I['(TM). (3.14)



114 3 FOLIATIONS ON SEMI-RIEMANNIAN MANIFOLDS
(iii) The F(M)-bilinear mapping h given by (2.4a) satisfies
h(Q'X,QY) =0, VX,Y € [(TM). (3.15)

Proof. The equivalence of (i) and (ii) follows from (3.10). Next, by using
(2.12b) we obtain

g(MQ'X,QY),Q'Z) +g(W(Q'X,Q'2),QY) =0, VX,Y,Z e I'(TM),

which proves that (ii) and (iii) are equivalent. n

Examples of foliations with bundle-like metric on Riemannian (semi-Rie-
mannian) manifolds are abundent. Here we present some of them.

Example 3.5. Let X be a non—zero Killing vector field on a semi—Rieman-
nian manifold (M, g), that is Lx g = 0 where L is the Lie derivative. This is
equivalent to saying that X and g satisfy (cf. O’Neill [083], p. 251)

9(VyX,Z)+g(VzX,Y)=0, VY,Z e I'(TM),

where V is the Levi-Civita connection on (M, g). Then the flow of X defines a
bundle-like foliation on (M, g). This follows from the assertion (iv) of Theorem
3.3, taking into account that any Killing vector field is D+—Killing. [

Example 3.6. Let M be the total space of a fiber bundle over a semi—Rie-
mannian manifold (N, h). Denote by F the foliation by components of fibers
of M (see Example 2.1.4), and by D the tangent distribution to F. Let D’
be a transversal distribution to D and k be a semi-Riemannian metric on D.
The paracompactness of M and N guarantees the existence of D’ and of a
Riemannian metric k on D. Let {(U, ) : (x%,2%)} be a foliated chart on M

which induces the semi—holonomic frame field -~ v i€ {1,...,n},
ozt dx®

a € {n+1,...,n+p}. Asin this case (z%) are the local coordinates on N, the
local components of h are given by

0 0
n+1 n+py _ s .
Pap(@™™ oy @™77) = h (aza axﬂ)

0
Also, since 3 € I'(D) we put
:EZ

i ey g 0

Then we define a semi—Riemannian metric g on M, locally given by:
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SN (5N (0 oY
I\ oz 528 ) "o IN\Gsza 0z ) ~IN\Ow Sz ) T

0 9N _}.
I\ozi "9z ) ~ "

Since hqp depend only on {z"*!, ..., z"*P} by Theorem 3.2 we conclude that
¢ is bundle-like for F. L]

Example 3.7. Let (M, g) and (N, h) be two semi-Riemannian manifolds and
m: M — N be a submersion of M onto N. Then the set of fibers of 7 defines
a foliation F whose tangent distribution we denote by D (see Example 2.1.2).
A vector field X on M is called vertical (resp. horizontal) if X € I'(D)
(resp. X € I'(D1)), where D+ is the complementary orthogonal distribution
to D in TM with respect to g. If the fibers 7=1(z), x € N, are semi-Rie-
mannian submanifolds of M and 7, preserves the lengths of horizontal vector
fields, then 7 is called a semi—Riemannian submersion (cf. O’Neill [083],
p. 212). In this case, if {{U,¢) : (z',2*)} is a foliated chart on M we have

0 0
T s (M) = % and therefore

(N (D DN e e
Jag =4 (5:504’5:03) _h<3xa 7axﬁ> = hap(z"™, . 2" TP).

Thus by Theorem 3.2 g is bundle-like for F. L]

More examples of foliations with bundle-like metric arise as level sets of
mappings or as orbits of group actions (see Reinhart [Rei83], pp. 161-163).

As we defined a bundle-like metric on a foliated semi—Riemannian mani-
fold by a condition on the intrinsic connection D+ on D+, we expect that this
connection, in this case, must have some special properties. We give some of
these properties in the next theorem.

Theorem 3.5. Let (M, g, F) be a foliated semi—Riemannian manifold as in
Theorem 3.4. Then we have the following assertions:

(i) The local coefficients of the intrinsic connection D+ on D+ with respect

{ a 6 } :
to are given by

dxi sz

(a) Lo”; =0, (b) F,”, = lgﬁ“ (ag““ 4 %y ag‘”) . (3.16)

2 oxY Oox« oxH

(ii) The local components of the curvature tensor field R' of D+ are given by
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OF.55  OF.%,

/€ —
(8) Ra®sy = O OxP

+FaﬂﬁFusv - Fa#v Fusl%
3.17
(b) R/asﬁi — 0’ ( )
(C) R/aaij =0.
(iii) The transversal Bianchi identities for the Vrdnceanu connection are given
by
(a) Y {Ra%,} =0,
(e.3,7)
(b) Z {Rwaply} =0, (3.18)
(e.3,7)
8R/ Eﬂ
(©) Ra oy =~ = 0.
Proof. First, (3.16) follows from (1.26) by using (3.5). Then taking into ac-
count that g,s and g*? are functions of (z7) alone, from (3.16b) we deduce

that F,”., are so. Thus (3.17) follows from (1.31), (1.32) and (1.33). Finally,
we use (3.17b) and (3.17¢) in (1.61)—(1.65) and obtain (3.18). "

Next, we need (3.18) expressed in an invariant form. As the Vrianceanu
connection V* on (M, g, F) is an adapted connection on M, from (2.3.27) we
deduce that

R*X,Y)Q'Z=R(X,Y)Q'Z, VX,Y,Z e I'(TM), (3.19)

where R* and R’ are the curvature tensors of V* and D™ respectively. Taking
into account that g is bundle-like, that is, g is Vranceanu-parallel on D+, we
can apply results from Section 1.7, but for the transversal distribution D+.
First we put

R(QU,Q'Z,Q'X,QY) =g(R(Q'X,QY)Q'Z,QU),

(3.20)
VX,Y,Z,U e I'(TM).

It is easy to see that R’ defined by (3.20) is a transversal tensor field of type
(0,0;0,4) (see Section 2.3). Its main properties are given next.

Theorem 3.6. Let (M, g, F) be as in Theorem 3.4. Then the curvature tensor
field R’ of the intrinsic connection D+ on D+ satisfies the following identities:

(a) R(QU,Q'Z,Q'X,Q'Y) + R(QU,Q'Z,QY,Q'X) =0,
(b) R(Q'U,Q'Z,Q'X.Q'Y)+ R(Q'Z,QU.Q'X,QY) = 0,
() R(QU,Q'Z,Q'X,QY) = R(Q'X,QY,QU,Q 2), (3.21)
@ Y {RQU.QZQX.QY)} =0,

(Q'Z,Q'X,Q'Y)

forany XY, Z, U € I'(TM).
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Proof. First, we suppose that D~ is integrable. Then, by using (1.6.29),
(3.19), (3.14), (1.6.13) and (1.6.14) we deduce that

R(QU,Q'Z,Q'X,QY) = g(R(Q'X,Q'Y)Q'Z,QU)

~ (3.22)
= R(QU,Q'Z,Q'X,Q'Y),

where R is_the curvature tensor field of the Levi-Civita connection V on
(M, g). As R satisfies all identities (3.21) (cf. O’Neill [O83], p.75), from (3.22)
we conclude that they are also satisfied by R’. In case D+ is not integrable we
apply Lemma 1.7.1 and Corollary 1.7.2 for D+, and by using (3.19) we obtain
(3.21). "

Theorem 3.7. Let (M, g, F) be as in Theorem 3.4. Then we have

> {DExR)@QY.QZ)}(QU)=0, VX,Y,Z € I'(TM). (3.23)
(Q'X,Q'Y,Q'Z)

Proof. By using (3.12) and (2.6) we deduce that T*(X,Y) € I'(D), for any
X,Y € I'(TM). Then by (3.19) and (3.17b) we infer that

R (T*(Q'X,QY),Q Z2)Q'U =R (T*(Q'X,QY),Q Z)Q'U =0. (3.24)
Finally, by using (3.24) in (2.4.19) and taking into account that
VxQY =DxQ'Y, VX,Y € I'(TM), (3.25)

we obtain (3.23). "

Remark 3.8. Clearly, (3.21d) and (3.23) represent the coordinate—free form
of (3.18a) and (3.18b) respectively. However, we presented here new proofs
based on the geometry of distributions developed so far. n

In case D+ is integrable and g is bundle-like for F, from (1.6.5) we deduce
that

RQU,Q'2,Q'X,QY) =g(RN(QX,QY)QZQU), (3.26)

where Rt is the curvature tensor field of the induced connection on D+ .
Thus the sectional curvature of any leaf of DT is just the restriction of the
sectional curvature of (M, g) to non-degenerate planes lying in D+. This is
not surprising because by (3.14) any leaf of D is totally geodesic immersed
in (M, g).

Next we consider the case when D~ is not integrable but g is bundle—
like for F. Thus (M, g,F) is a foliated semi-Riemannian manifold, where F
is a non-degenerate foliation and g is bundle-like for F, but (M, g, D) is
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a semi—Riemannian non—holonomic manifold (see the terminology in Section
1.7). Then according to (1.7.14) and (3.19), we can define the Vrinceanu
sectional curvature of D+ as a real valued function K’ on the set of all
non—degenerate planes in D+, given by
oy / R(Q'X,QY,Q'X,QY)
K(QXANQY)= AQX,Q'Y) ) (3.27)

where at any point € M, {Q'X, Q'Y } represents a basis of a non—degenerate
plane in D;. When K’ does not depend on the non-degenerate planes in D+
we say that D is of scalar Vrinceanu sectional curvature K.

Now, we are able to state a theorem which is a generalization of Schur
Theorem from Riemannian (semi-Riemannian) geometry.

Theorem 3.8. Let (M, g, F) be a foliated connected semi—Riemannian mani-
fold, where F is a non—degenerate foliation and g is bundle-like for F. Suppose
that the transversal distribution D+ is of scalar Vrdnceanu sectional curvature
K'. Then K' is a constant, provided D+ is a p-distribution with p > 2.

Proof. First we note that K’ depends on (%) alone. This is a consequence of
(3.27), taking into account that both R,"g, and gos depend on (z*) alone.
Then we consider the 4-linear mapping

F:(I(DH)! — F(M); F(QU,Q'Z,Q'X,Q'Y)
= K'(z%)(9(Q'U, Q' X)9(Q'Z,Q'Y) — g(Q'Z, Q' X)g(Q'U, Q"Y)).

Tt is easy to check that F' satisfies the same identities (3.21) which were stated
for R’. Thus F is a D*—curvature-like mapping satisfying

ey FQRX,QY,QX,QY)
R =""20x.ov)
Hence, by Corollary 1.7.4 we deduce that
R(QU,Q'Z,Q'X,QY) = K'(z*)(9y(Q'U, Q' X)g(Q'Z,Q"Y)
—9(Q'Z,Q'X)g(Q'U,QY)),

which is equivalent to
R(Q'X,QY)Q'Z =K'(z*)(9(Q'Z,QY)Q'X —g(Q' Z,Q'X)Q'Y). (3.28)

Taking into account that g is parallel with respect to the intrinsic connection
D+ (cf. (3.1)), from (3.28) we obtain

(DguRNQ'X,QY)Q'Z
= QUK (") (9(Q'Z, QY)Q'X - 9(Q'Z, Q' X)Q'Y).
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Then by using (3.23) we infer that

0= QU(K'(z%)(9(Q'Z,QY)QX —g(Q'Z Q' X)QY)
+ Q' X(K'(2%))(9(Q'Z,QU)QY — g(Q'Z,QY)Q'U) (3.29)
+ QY (K'(z%)(9(Q'Z, Q' X)QU — 9(Q'Z,QU)Q'X).

Since p > 2, for an arbitrary Q'X, we may choose Q'Y and Q’Z such that
Q'X, Q'Y and Q' Z are mutually orthogonal nowhere zero vector fields. Finally,

take QU = Q'Z and Q'X = 5% in (3.29) and obtain
x

0K' OK' , OK'
B
a /
As K’ depends on (z%) alone, we deduce that e 0, for any
a€{n+1,..,n+p}, that is, K’ is a constant on M. n

Remark 3.9. When D = {0}, that is D+ = T'M, the intrinsic connection on
D+ is just the Levi-Civita connection on M, and thus Theorem 3.8 becomes
the well known Schur Theorem on (M, g). "

If K’ is a constant on M then we say that (M, g, F) is a foliated manifold of
constant transversal Vranceanu curvature. Then from (3.28) we deduce
that the curvature tensor field R’ of the intrinsic connection D+ satisfies

RQX,QY)Q'Z=c{g(Q2,QY)QX —g(QZQX)QY},  (3.30)

for any X,Y,Z € I'(TM), provided (M, g, F) is of constant transversal Vran-
ceanu curvature c. By using a general result about Vranceanu curvature of
distributions (see Corollary 1.7.8) we may state the following interesting re-
sult.

Theorem 3.9. Let M be an open submanifold of the Fuclidean space (IR™, g)
and (M,g,F) be a foliated Riemannian manifold such that g is bundle-like
and (M, g,D*) is a Riemannian non-holonomic manifold. Then we have the
assertions:

(i) At any point of M the Vranceanu sectional curvature of D+ must be non—
negative.

(ii) If (M, g, F) is of constant transversal Vranceanu curvature c, then ¢ > 0.
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The example presented at the end of Section 1.7 proves the existence
of foliated Riemannian manifolds of positive constant transversal Vranceanu
curvature. Thus the problem of classifying foliated Riemannian (semi-Rie-
mannian) manifolds of constant transversal Vranceanu curvature is a natural,
interesting and non-easy open problem that deserves to be addressed.

Now we are in a position to introduce the transversal Ricci tensor and
transversal scalar curvature of a semi-Riemannian foliated manifold (M, g, F).
To this end we consider an orthonormal frame field {E,}, « € {n+1,...,n+p}
for the transversal distribution D+, and denote by {e,} the signature of
{E.}, that is e, = g(E4, Es). Then we define the transversal Ricci tensor
Ric™ by (see (3.20))

n+p
Ric"(Q'X,QY) = Y eaR/(Ea, QY Ea,Q'X). (3.31)

a=n+1

It is easy to check that Ric' is independent of the choice of the orthonormal
frame field. Moreover, when g is bundle-like for F, by using (3.21¢) we deduce
that Ric™ is a symmetric adapted tensor field on M of type (0,0;0,2). Next

4]
we consider the non-holonomic frame field {} defined by (1.21) and put

dox™
] 4] -
(a) Bo = B} = and (b) 5 = E. E,. (3.32)
Then we obtain (see (1.24))
n—+p o n—+p
(@) gap = D e4ELEj and (b) g*? = Y e EYEY. (3.33)
y=n+1 y=n+1

We also put

Ric'" <5iﬁ ; 5;) =Rz,
and by using (3.31) and (3.33) we deduce that
Ry =R4 g, (3.34)
Finally, by using (3.31), (3.27) and (1.7.13) we obtain
n+p
Ric"(E,, E,) =y Y K'(Ea NEy), (3.35)
—_l

aFty

for any vector field E,, from the orthonormal frame field {E,} on D+.
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The transversal scalar curvature of (M, g, F) is a function on M de-
noted by S* and defined by

n+p
S = " eqRic"(Eq, Ea), (3.36)

a=n-+1

where {E,} is an orthonormal frame field in I'(D+). Then by using (3.36)
and (3.33b) we obtain
S = g* R 5. (3.37)

Also, taking into account (3.36), (3.31) and (3.27) we can express the transver-
sal scalar curvature by means of Vrinceanu sectional curvature K’ of D+, as
follows

S" = "K'(Eq NEg) =2 K'(Eq A Ep). (3.38)
a#f a<fp

Theorem 3.10. Let (M, g, F) be a foliated connected semi—Riemannian ma-
nifold, where F is a non—degenerate foliation and g is bundle-like for F. If
Ric™ = Mg, where X is a smooth function on M, then X\ is necessarily a
constant provided D+ is a p-distribution with p > 2.

Proof. First we put
Rlg = 99-R oy (3.39)
Then we see that (3.21a) and (3.21b) imply
apys = ~BBaqu = ~Raguy: (3.40)
Also, by using (3.34), (3.39) and the hypothesis on Ric"™ we obtain
R:Jtﬁ = g’yuR;"/BN = )\gaﬁ (341)

Taking into account (3.39), (1.42b) and the Bianchi identities (3.18b) we de-
duce that
/ / /
Ropgyuis + Bapusiy T Ragsyju = 0- (3.42)

Contracting (3.42) by ¢®7¢g”* and using (1.42c), (3.40), (1.42b) and (3.41) we
obtain

(p — 2))\|5 = O
As p > 2, we conclude that A5 = 0, that is (see (1.21))
OA oA . O
= )\ = — = — — Al - .
0 ™ 5ze T x * Oxt

Finally, from (3.41) we deduce that X is a function of (z®) alone, and thus
A
i 0, for all ¢ € {1,...,n}. Hence 88? =0, foralla € {n+1,....,n+ p}.

As M is connected, we deduce that A is a constant on M. [
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According to the terminology from Riemannian (semi-Riemannian) geo-
metry, we call (M, g, F) a transversal Einstein foliated semi—Rieman-
nian manifold, if the transversal Ricci tensor satisfies

Ric'" = \g, (3.43)

where X is a constant on M. By using (3.43) and (3.36) we deduce that
A = 8% /p, and therefore (3.43) becomes

Su Sm

Ric" = =g or R,;5= . bas- (3.44)

Theorem 3.11. Let (M, g, F) be a foliated connected semi—Riemannian ma-
nifold, where F is a non—degenerate foliation and g is bundle-like for F. If
(M, g,F) is of constant transversal Vranceanu curvature then it is transversal
Einstein.

Proof. Let {E,} be an orthonormal basis in I'(D1). Then any Q' X € I'(D+)
is expressed as follows (see Lemma 1.4.1)

n—+p
Q/X = Z Eag(Q/X7 Ea)Eav Ea = g(EonEa)' (3'45)
a=n+1
This implies
n—+p
gQ'X,QY)= > cag(QX,Es)g(Q'Y, Ea), (3.46)
a=n+1

for any Q'X, Q'Y € I'(D+4). Now, by using (3.31), (3.20), (3.30) and (3.46)
we obtain

n+p

c Y {9(@QX,QY) - cag(QX,Ea)g(Q'Y, Ea)}

a=n+1

=c(p—-1)g9(Q'X,QY).

Ric"(Q'X,Q'Y)

(3.47)
Thus (M, g, F) is transversal Einstein. "

The next theorem is a generalization of a result obtained by Schouten and
Struik [SS21].

Theorem 3.12. Let (M, g, F) be an (n+3)-dimensional transversal Einstein
semi—Riemannian foliated manifold, where F is a non—degenerate n—foliation
and g is bundle-like for F. Then (M, g, F) is of constant transversal Vran-
ceanu curvature.
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Proof. Let {F;, Fy, E3} be an orthonormal frame field in I'(D*). Then by
using (3.35) and (3.43) we calculate Ric"™ (Ey, Ey), t € {1,2,3}, and obtain

K’(El A Eg) + K’(El A Eg) = K’(El A Eg) + K/(Eg A Eg)
= KI(El AN Eg) + K/(EQ A\ Ed) =\

A
Thus we have K/(El A EQ) = K/(El N Eg) = K/(EQ N Eg) = 5, which

completes the proof of the theorem. [

We end this section by describing a geometrically interesting class of fo-
liations with bundle-like metric. This is the class of transversally symmetric
foliations introduced by Tondeur and Vanhecke [TV90]. Roughly speaking,
these are Riemannian foliations whose transversal geometry is locally model-
led on a Riemannian symmetric space. To be more specific we proceed as
follows.

Let F be an n—foliation of an (n + p)-dimensional manifold M and
{U, ) : (z',2%)} be a foliated chart on M. Taking into account that any
submersion is an open mapping (cf. Brickell-Clark [BC70], p. 87) and by
using Remark 2.1.3 we conclude that the leaves of F in U are given as the
fibers of a submersion 7 : Y — V C IR? onto an open subset V of IRP.
Next, we suppose that g is a bundle-like Riemannian metric on M for the
foliation F. Then according to (3.5), the functions g,z given by (1.24) de-
fine a Riemannian metric on V. Since the induced Riemannian metric by g
on Dlj is also given by g.s, we may claim that 7 : &/ — V is a Rieman-
nian submersion. Hence the plaques of F in U are the fibers of a Riemannian
submersion 7 : i/ — V C N onto an open subset V of a transversal model
Riemannian manifold N. This justifies the name Riemannian foliation for F.
Then following Tondeur—Vanhecke [TV90] we say that the foliation F with
bundle-like metric g is transversally symmetric if N is a locally symmetric
Riemannian space. To be more specific, we take a point £ € N and a normal
neighbourhood V, of x. Then for each y € V, consider the geodesic t — ~(t)
within V, passing through = and y such that v(0) = x and (1) = y. The
mapping y — y’' = v(—1) of V, onto itself is called the geodesic symmetry
(reflection) with respect to z. Now, according to Helgason [Hel01], p. 200, N
is called a locally symmetric Riemannian space if for each x € N there
exists a normal neighbourhood of x on which the geodesic symmetry with
respect to x is an isometry.

Next, to state some characterizations of transversally symmetric foliations
we need the following. We considered in Section 1.6 the tensor field A (see
(1.6.33)) which was introduced by O’Neill [066] for submersions. In case of a
foliation with bundle-like metric, by using (1.6.33) and (3.10) we deduce that

AxY = %Q[Q’X, Q'Y], VX,Y € I'(TM). (3.48)
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Remark 3.10. By using (3.10), (3.12) and (3.48) we deduce that in case
F is a foliation with bundle-like metric, the torsion tensor field 7™ of the
Vranceanu connection V* and the O’Neill tensor field A are related by

T* = —2A. (3.49)

Also, from (3.48) and (3.49) it follows that both T™* and A are obstructions
to the integrability of the distribution D=. [

Finally, we denote by R and R* the curvature tensor fields of the Levi-
Civita connection V on (M, g) and of the Vranceanu connection V* defined
by V. Then we put

(a) E(Xv Y,Z, U) = Q(E(Z’ U)}/,X),

(b) (XY, 2,0) = (RZ, 0, X), ¥X,Y, 2,0 € P(rM), 00

Taking into account the above discussion we can restate a result due to Ton-
deur and Vanhecke [TV90] as follows.

Theorem 3.13. Let F be a Riemannian foliation on (M, g) and g a bundle—
like metric for F. Then the following conditions are equivalent:

(i) F is transversally symmetric.
ii) The local geodesic symmetries on the model space are isometries.

(

(i) (R*(U,V,U,V)) =0, YU,V € I'(Dh).

(iv)Vy(R(U,V,U,V)) + 2R(U, AyV,U,V) = —69((Vu A)yV, AuV),
YU,V € I'(D4).

(V) Vu(R(U,V,U,V)) — R(U, T*(U,V),U,V) = 3g((VyT*)(U,V),T*(U,V)),
YU,V € I'(Dh).

We note that the last three conditions are automatically satisfied when F
is of codimension one. Therefore we have the following corollary.

Corollary 3.14. Any Riemannian foliation of codimension one is transver-
sally symmetric.

The geometry of the ambient space M has a strong effect on the existence
of transversally symmetric foliations. As an example we give the following.

Corollary 3.15. (Tondeur—Vanhecke [TV90]). Let F be a foliation on a space
of constant curvature (M, g) such that g is bundle-like for F. If D is inte-
grable, then F is transversally symmetric.
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Results on the influence of the existence of transversally symmetric fo-
liations on the geometry of the ambient manifold can be found in Tondeur—
Vanhecke [TV90].

We close this section with a new characterization of transversally sym-
metric foliations. To state this we consider the semi—holonomic frame field

)
} on (M, g). Then by using (3.50) and (3.19) we obtain

ort Sz
(0,0 o0 0
ox® dzP dxo dzP

5§\ 6 6 (3.51)
- / ~ ) < A ~ A ) <
=9 (R ((5:1:0‘ 5565) 5P 51:“)

= ng’yﬁa Gva-

Clearly, Aag = R'373agya define the local components of an adapted tensor
field A of type (0,0;0,2) (see Section 2.2). Now we state the following.

Theorem 3.16. Let F be a Riemannian n—foliation on an (n+p)-dimensional
Riemannian manifold (M,g) and g a bundle-like metric for F. Then F is
transversally symmetric if and only if for any fized pair («,B),
a,f € {n+1,..,n+p}, the local components Ang of A depend only on z°,
where € # « and € # f3.

) )
Proof. We take U = e and V = 527 into (iii) of Theorem 3.13 and by
T« T

using (3.51) we obtain
9
oz
Since g is bundle-like for F, g5 do not depend on %, i € {1,...,n} (see (3.5)).
Hence by (3.17a), R'4°3, do not depend on z‘, and therefore

D Aas

(Aag) = 0. (3.52)

i 0, Vie{l,..,n} (3.53)
Then, by using (1.21), (3.52) and (3.53), we deduce that
0Aap
= . 4
s 0 (3.54)

As App = —Apq, from (3.53) and (3.54) we conclude that for any fixed pair
(o, B), Anp does not depend on (z%, %, 2%), i € {1,...,n}. Thus the proof is
complete. n
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In particular, if F is of codimension two then A has the components
A1s = —Agq. Thus from Theorem 3.16 we obtain the following.

Corollary 3.17. Let F be a Riemannian foliation of codimension two on
(M,g) and g a bundle-like metric for F. Then F is transversally symmetric
if and only if for each point x € M there exists a foliated chart (U, o) such
that Aio is a constant on U.

We will visit transversally symmetric foliations again in the next section.

3.4 Special Classes of Foliations

The purpose of this section is to present the main problems related to three
important classes of foliations: totally geodesic, totally umbilical and minimal
(harmonic) foliations. First, by using both the induced and intrinsic con-
nections on the structural distribution we present several characterizations
of totally geodesic foliations. Then we deduce two differential equations of
Riccati type and use them for studying the integrability of the transversal
distribution and the existence of totally geodesic foliations. By using results
from Walschap [Was97] and our theory on structural and transversal diffe-
rentiations, we give complete characterizations of totally umbilical foliations
with bundle-like metric on Riemannian spaces of constant curvature. Finally,
by using the intrinsic covariant derivative D+ and the D+ —divergence ope-
rator we introduce and study minimal foliations. Most of the results of the
section are presented in the general framework of non-degenerate foliations
on semi—Riemannian manifolds.

3.4.1 Totally Geodesic Foliations on Semi—Riemannian Manifolds

Throughout this section F represents a non-degenerate n—foliation on an
(n + p)-dimensional semi-Riemannian manifold (M, g). If each leaf of F is a
totally geodesic submanifold of (M, g) we say that F is a totally geodesic
foliation. Then by using a well known characterization of totally geodesic
submanifolds (cf. O'Neill [O83], p.104) and (2.12¢) we can state the following.

Theorem 4.1. F is totally geodesic if and only if one of the following condi-
tions is satisfied:

(i) The second fundamental form of F wvanishes identically on M, i.e., we
have
hQX,QY) =Q'VoxQY =0, VX,Y € I'(TM). (4.1)

(ii) The shape operator of the structural distribution D vanishes identically on
M, i.e., we have

AgxQY = —QVoyQ'X =0, VX,Y € I'(TM). (4.2)
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Now, we remark that the symmetric second fundamental form h* of D
(see (1.5.34)) coincides with h. Then taking into account that D is integrable,
from Theorems 1.5.6, 1.5.9 and 1.5.10 we deduce several characterizations of
totally geodesic foliations as follows.

Theorem 4.2. Let (M, g) be a semi-Riemannian manifold and F be a non—
degenerate foliation on M. Then the following assertions are equivalent:

i) F is a totally geodesic foliation.
ii) The induced connectionV coincides with the intrinsic connection D on D.
i

(
(
(iii) g s parallel with respect to the intrinsic connection D on D.
(iv) Q"X is a D-Killing vector field, for any X € I'(TM).

(v) The induced connection V on D is torsion—free.

Remark 4.1. The condition (iii) was given as characterization of totally
geodesic foliations by Sanini [San82]. In our terminology from Section 1.5 this
condition can be read as follows:

(iii") g is bundle-like for the transversal distribution. n

Next, we consider the curvature tensor field R of the Levi-Civita connec-
tion V on (M, g), the intrinsic connection D+ on D+ and the shape operator
Afpx of D+ for X € I'(TM). Then we prove the following.

Lemma 4.3. Let F be a totally geodesic foliation on a semi—Riemannian
manifold (M, g). Then we have

(DgxALx)(Q'Y) = (A x)*(Q'Y)
~Q'RQX,QY)QX + A, oxQ'Y,
for any X, Y € I'(TM).

(4.3)

Proof. By direct calculations using (1.9), (1.5.8), (2.11) and (4.1) we obtain
(DCLQXA/QX)(QIY) = DéX(AbXQ/Y) - Abx(Déley)
— Q'QX, Ay QY] — Apx (Q[QX,Q'Y))
= Q' (Vox(ApxQY)) = Q' (Vay, v @X) + Q' Viox ov)@X
= Ay (AxQ'Y) + Q' (Vigx,av1@X — Vox Vo QX).
On the other hand, by using (1.2.17) and (2.11) we deduce that
Q' (Vigx.ov1QX — VoxVoyQX)
~Q'VaovVoxQX = —QRQX,QY)QX + A, oxQ'Y,

since §QXQX = Vox@QX. Finally, by using (4.5) in (4.4) we obtain (4.3). m

(4.4)
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Next, by using (2.7d) and (2.11) we deduce that the induced and intrinsic
connections V+ and D+ on D+ are related by

VoxQY = D5xQY — ApxQ'Y, VX,Y € I(TM). (4.6)
Then we prove the following.

Lemma 4.4. Let (M, g,F) be a foliated semi—Riemannian manifold. Then
we have

Proof. By using (4.6) we obtain
(VoxApx)(QY) = Vx (AgxQY) — Ax (VxQ'Y)
= DéX(A/QXQIY) - (A/Qx)zQY - A/QX(DCJQ_XQ/Y - Abe/Y)
= (D5xApx)(Q'Y), for any Y € I'(TM),

which proves (4.7). n

Based on (4.7) we can rewrite (4.3) in the equivalent form

(VixAnx)(Q'Y) = (Apx)?(Q'Y) — QR(QX,Q'Y)QX

4.8
+ 4G, oxQY, VX,Y € I(TM). (4.8)

Now, consider a unit-speed geodesic «(t) that lies in a leaf of the totally
geodesic foliation F, that is,

Va3 (t) = Vi 3(t) =0, g(3(8),5(t) = 1,

where V is the induced connection on D and 4(t) is the tangent vector field
to . Then by using (4.3) and (4.8) we can state the following.

Theorem 4.5. Let v be a unit—speed geodesic that lies in a leaf of a totally
geodesic foliation F on a semi—Riemannian manifold (M, g). Then we have

(D30 A4 (QY) = (V3544 (QY)
= (4)?(QY) - QR R(5(t), QY )H(1),

for anyY € I'(TM).

(4.9)

The equation (4.9) is known as a Riccati type differential equation (cf.
K. Abe [AbeT73]), and it was first obtained by D. Ferus [Fer70] for totally
geodesic foliations on a Riemannian manifold. Also, D. Ferus [Fer70] proved
that the dimension of leaves of a totally geodesic foliation on a Riemannian



3.4 Special Classes of Foliations 129

manifold cannot exceed a certain limit, provided the leaves are complete and
the sectional curvature of M has the same positive value for all planes spanned
by {QX,Q'Y}, XY € I'(TM). In other words, the codimension of a such
totally geodesic foliation is either zero or large.

For the next results we restrict our study to totally geodesic foliations on
Riemannian manifolds. In this case we show that some conditions on the sec-
tional curvature of the ambient manifold have a great impact on the transver-
sal geometry of the foliation. To state these results we denote by K(X AY) the
sectional curvature of (M, g) for the plane determined by {X, Y }. Then we call
K(QX A Q'Y) the mixed sectional curvature determined by QX € I'(D)
and Q'Y € I'(D1). First we prove the following.

Theorem 4.6. Let F be a totally geodesic foliation on a Riemannian mani-
fold (M, g). If all mized sectional curvatures of M at a point xo are positive,
then the transversal distribution is not integrable.

Proof. Let v be a non-zero vector in D,,. Then there exists a vector field
QX € I'(D) on a neighbourhood U C M of zy such that QX (x¢) = u and

(VoxQX)(x0) = (ﬁQXQX)(:Uo) =0, (4.10)

where V is the induced connection by V on D. Now, suppose by absurd
that D+ is integrable. Then by the assertion (ii) of Corollary 2.4 we de-
duce that Ay is self-adjoint. Next, consider Af, y restricted to the local leaf

Ut = UnN LY, where L+ is the leaf of D through xy. Suppose A is an
eigenfunction of Afy on UL with unit eigenvector field Q'Y". Then by using

(4.8), (4.10) and a formula for K similar to (1.7.14), we obtain
9(VoxAgx)(Q'Y), Q'Y)(x0)
= X (z0) + K(QX A Q'Y)(20) AQX, Q'Y) (o),

where A is given by (1.7.13). On the other hand, taking into account that g
is parallel with respect to the induced connection V+ (cf. Lemma 1.5.5) and
that Agx is self-adjoint, the left hand side in (4.11) becomes

g(VéX(A/QXQ/Y> - A/QX (VéQXQ/Y)v Q'Y) (o)
= 9(Vax(AQ'Y),Q'Y)(z0) — 9(Vix Q'Y ANQ'Y ) (20) = QX (M) (20)-

(4.11)

As X is a function of (z%) alone and QX = Xig we deduce that
ml

QX (\)(z0) = 0. But both K(QX A Q'Y )(z0) and A(QX,Q'Y)(x0) are posi-
tive, so the right part in (4.11) is a positive number. Thus, from (4.11), we
have a contradiction which proves our theorem. [

When M is supposed to have positive sectional curvatures, Theorem 4.6
was obtained by K. Abe [Abe73]. Also, we have the following.
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Corollary 4.7. Let (M, g) be a Riemannian manifold whose mized sectional
curvatures at a point xg are positive. Then there exist no totally geodesic
foliations of codimension 1 on (M, g).

Proof. If F is totally geodesic and of codimension 1, then D% is a line dis-
tribution, so it is integrable. This is impossible by Theorem 4.6. [

Corollary 4.8. (K. Abe [AbeT73]). Let (M, g) be a 2-dimensional manifold
with positive Gaussian curvature. Then any totally geodesic foliation is a triv-
1al one. In particular, any vector field on M whose integral curves are geodesics
must have at least one zero.

Proof. If F is not a trivial foliation, then D+ is a line distribution, so it is
integrable. By Theorem 4.6 this is impossible. Clearly, the second part of the
corollary is a consequence of the first part. [

Based on our general formula (4.8) we prove the following.

Theorem 4.9. (Tanno [Tan72]). Let F be a totally geodesic foliation on a
Riemannian manifold (M, g). Suppose that all mized sectional curvatures of
M wanish identically on M and the transversal distribution D+ is integrable.
Then the foliation F+ defined by D+ is also totally geodesic.

Proof. By (2.12d) and Theorem 4.1 for D+ we deduce that F= is totally
geodesic if and only if

Apx =0, VX € I(TM).

Suppose by absurd that F* is not totally geodesic. Thus there exist a point
xo € M and a vector u € Dy, such that A/, is a non-zero linear operator on
D . Then consider a vector field QX € I'(D) on a neighbourhood Y C M
of xy such that QX (zg) = w and (4.10) is satisfied. Making U smaller if
necessary, by continuity we may suppose that Ay # 0 on U. Now, we take
the restriction of Ajy to Ut =UNL*, where L~ is the leaf of DL through .
Since Ay is a non-zero self-adjoint operator on I (Dﬁ:{ L) (ct. (ii) of Corollary
2.4) it has a non-zero eigenfunction A on /*. Then we take Q'Y from (4.8) as a
unit eigenvector field associated to A\, and by using (4.10) and the hypothesis,

that is, IN((QX AQ'Y) =0, we deduce that
9((V5XA/QX)(Q/Y% Q/Y) =\

In a similar way as in the proof of Theorem 4.6 it follows that the left hand side
of the above equality vanishes on U-. As A # 0 on U we get a contradiction.
This completes the proof of the theorem. [
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In particular, we deduce that (M, g) from Theorem 4.9 is locally a Rieman-
nian product of local leaves of D and D*. By using other geometrical condi-
tions on totally geodesic foliations, K. Abe [Abe73], Brito and Walczak [BW86]
and R.H. Escobales Jr. [Esc82] obtained such theorems of decomposition of

(M, g).

Next, we study the existence of totally geodesic foliations with bundle-like
metrics and subject to some curvature conditions.

First, we state a lemma whose proof is similar to that of Lemma 4.4.

Lemma 4.10. Let V and D be the induced and intrinsic connections on the
structural distribution of a non—degenerate foliation F on (M,g). Then we
have

VleAQ/X = DleAle, VX e F(TM) (4.12)

Now we prove the following.

Lemma 4.11. Let (M, g,F) be a foliated semi—Riemannian manifold, where
F is a non—degenerate foliation and g is bundle—like for F. Then we have

(DorxAgx)QY = (VoxAgx)QY = (Agx)*QY
+QRQY,Q'X)Q'X — I'(h(Q'X,QY),Q'X)  (4.13)
—QVoyVoxQ'X, VXY € I'(TM),

where R is the curvature tensor field of the Levi—Civita connection vV on
(M,g), and h and h' are given by (2.4).

Proof. First, by using (2.11) for h, (2.9) and (1.5.8) we obtain
(DoxAqx)QY = Dox(AgxQY) — Agrx (Do xQY)
= QQ'X, Agx QY] — Ag'x (Q[Q'X, QYT])
=QVox(AgxQY) — QﬁAQ,XQYQ'X +QVox.on@ X
= (Ax)2(QY) + Q(Vgiarx.ov1Q X — VoxQVar Q' X).

Taking into account that @ and Q' are complementary projectors, and by
using (1.2.17) for R and (2.6) we deduce that

(Do'xAgx)(QY) = (Agrx)*(QY)

+Q(Vigrx,ov)Q'X — VoxVovQ X + Voy Vo xQ'X)

- Q(ﬁQ/[Q’X,QY] QX — 6Q’XQ,6QYQ,X + ﬁQYﬁQ/XQ/X)
= (Agx)*(QY) + QR(QY, Q' X)Q'X
~H(QQ'X,QY],Q'X) + I (QX,QVqoyQ'X)
~QVayVaoxQ'X.

(4.14)
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Finally, by using (1.5.8), the assertion (vi) of Theorem 3.3 and (2.11) for A,
we infer that

W(Q'X,Q'VoyQ'X) — M (Q[Q'X,QY],Q'X)

= (Q'X,Q'VoyQ'X) + M (Q'VoyQ'X,Q'X) (4.15)
—W(Q'VoxQY,Q'X) = —h'(h(Q'X,QY),Q'X).
Thus by using (4.15) in (4.14) we obtain (4.13). "

Next, we consider F on (M, g) such that g is bundle-like for F. Then we
may take a geodesic v that is tangent to the transversal distribution, that is,
4(t) € I'(D1) (cf. Remark 3.4). Replace Q'X from (4.13) by #(¢) and taking
into account that %ar(t)"y(t) = 0, we obtain the Riccati type equation

Din As= Vim Ay = A2 + QR(,4(1)4(1)
=W (h(§(t), ), ¥(2))-

When (M, g) is Riemannian, (4.16) is equivalent to the Riccati type equations
obtained by Kim—Tondeur [KT92] and Walschap [Was97].

(4.16)

Theorem 4.12. Let F be a totally geodesic non—degenerate n—foliation on an
(n + p)—dimensional, p > 1, semi—Riemannian manifold (M, g) such that g is
bundle-like for F. If there exists a neighbourhood U C M such that

QR(QY,QX)Q'X #0, onl,
for any non-zero vector fields QY and Q'X, then n < p— 1.
Proof. First, for any Q' X # 0 we consider the F(M)-linear operator
Pgix : (D) — I'(Dh) : Pox(QY) = h(Q'X,QY), VY € I'(TM). (4.17)
Then by using (4.17) and (2.12b) we obtain
9(Porx(QY),Q'X) = —g(W(Q'X,Q'X),QY) = 0, (4.18)

since g is bundle-like for F (see (3.10)). Now we choose Q'X as a vector
field that is not light-like with respect to g at any point of M. Then from
(4.18) we deduce that the range of Py x lies in the orthogonal complement
of span{Q’X} in I'(D*). Thus we have

rank Pgrx < p — 1, at any point of M. (4.19)

Now, suppose by absurd that n > p—1. Then by (4.17) and (4.19) there exists
a non—zero vector field QY € I'(D) such that Py x(QY) = 0. Thus for the
above choice of both @' X and QY, (4.13) becomes
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QR(QY,Q'X)Q'X = QVqoyVoxQ'X, (4.20)

since by assertion (ii) of Theorem 4.1, Ag/x vanishes identically on M. Next,
by using (2.10a) and taking into account that g is bundle-like we obtain

VoxQ'X =V5xQ'X. (4.21)
Finally, (4.21) and (2.9) imply
QVoyVoxQ'X =QVoy Vi xQ'X = ~Avs @xQY =0,
since F is totally geodesic. Hence (4.20) becomes
QR(QY,Q'X)Q'X =0, on M,

which contradicts the hypothesis of the theorem. Thus the proof is complete.
L]

In case (M, g) is a Riemannian manifold, from Theorem 4.12 we deduce
the following.

Corollary 4.13. Let F be a totally geodesic m-foliation of an (n + p)—
dimensional, p > 1, Riemannian manifold such that g is bundle-like for F. If
all mized sectional curvatures of M at a point xy are non-zero, thenn < p—1.

Corollary 4.14. Let (M, g) be a positively or negatively curved semi—Rie-
mannian manifold. Then we have the assertions:

(i) There exist no totally geodesic foliations with bundle-like metric on M
such that D+ is integrable.

(ii) There exist no totally geodesic foliations with bundle-like metric and of
codimension 1 on M.

(iii) If F is a totally geodesic foliation with bundle—like metric of codimension
2, then dim M = 3. In particular, there exist no totally geodesic foliations
with bundle-like metric of codimension 2 on spheres S™ with n > 4.

Proof. Suppose there exists F satisfying conditions in (i). Then D+ defines
a totally geodesic foliation F+ with bundle-like metric. Indeed, since D+ is
integrable and F is bundle-like, we deduce that h’ is both symmetric and
skew-symmetric on D+. Hence b’ = 0 on D+. Finally, because h = 0 on D,
it follows that F* is with bundle-like metric. Thus, we may apply Theorem
4.12 for both F and F*, that is, n < p— 1 and p < n — 1, which lead to a
contradiction. The assertion (ii) is a consequence of (i) since D is a line field
in this case. Finally, if F is the one from assertion (iii) then by Theorem 4.12
we have n < 1, that is n = 1 and thus dim M = 3. This completes the proof
of the corollary. n
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Other non-existence theorems on totally geodesic foliations can be found
in Tondeur—Vanhecke [TV96].
By the next example we show that the above estimation for n is optimal.

Example 4.2. Let (M, g) be a real (2n + 1)-dimensional Riemannian mani-
fold endowed with a tensor field ¢ of type (1, 1), a vector field £ and a 1-form
1. Then we say that (M, g, ,&,n) is a contact metric manifold if these
tensor fields satisfy

(a) @2 =—-1+nQ®¢, (b) ?7(X) = g(X7 5)7 (C) g(X> QDY) = d77(X7 Y)7 (4'22)
for any X,Y € I'(TM). By using (4.22) it is easy to check the following
(a) n(€) =1, (b) g(X,9Y) +g(Y,pX) =0,
(c) g(pX, 9Y) = g(X,Y) = n(X)n(Y),

for any X, Y € I'(TM). Finally, we say that (M,g,¢,&,n) is a Sasakian
manifold if we have (cf. Blair [Bla76], p.73)

(4.23)

(Vxo)Y = g(X,Y)E —n(Y)X, VX,Y € I'(TM), (4.24)

where V is the Levi-Civita connection on (M, ¢). In this case, two important
identities are satisfied by the characteristic vector field &:

(a) Ve€ =0 and (b) Vx& = —pX, VX e I'(TM). (4.25)

By (4.25a) we see that & defines on (1M, g) a totally geodesic 1-foliation Fe.
Moreover, by using (4.25b) and (4.23b) we deduce that

9(X,VyE) +g(Y,Vx&) =0, VX,Y € I'(TM), (4.26)

that is ¢ is a Killing vector field on (M, g). The contact distribution D+ on
(M, g,¢,&,m) is the complementary orthogonal distribution to D = span{¢{}.
Then from (4.26) it follows that , in particular, ¢ is D+-Killing. Thus by
assertion (iv) of Theorem 3.3 we deduce that ¢ is bundle-like with respect

to Fe. Also, the curvature R of V on a Sasakian manifold satisfies (cf. Blair
[Bla76], p. 74)

R(§, X)X =¢, (4.27)

for any unit vector field Xe I'(DL). Thus in our notations QR(£, X)X = £ # 0.
There have been constructed Sasakian structures with interesting curvature
properties on IR*"*! and on the unit sphere S?"*! by Okumura [Oku62] and
Tanno [Tan68], [Tan69]. Thus, summing up the above results we may state
the following.

Theorem 4.15. The foliation F¢ determined by the characteristic vector field
of a Sasakian manifold (M, g,,&,n) is totally geodesic, with bundle—like me-

tric and QR(¢,Q'X)Q'X # 0.
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In particular, we deduce that F¢ on both IR? and 53 satisfies all the con-
ditions from Theorem 4.14 with n = p — 1 = 1. Thus the estimation for n
in Theorem 4.14 cannot be improved. Later in this book (see Section 5.2) we
present some n—foliations on (2n + 1)—dimensional contact manifolds. L]

It is noteworthy that the important class of totally geodesic foliations with
bundle-like metrics is characterized only by means of Vranceanu connection
as follows.

Theorem 4.16. Let F be a non—degenerate n—foliation on an (n + p)-
dimensional semi—Riemannian manifold (M, g). Then the following conditions
are equivalent:

(i) F is totally geodesic with bundle-like metric.
(ii) The Vranceanu connection is a metric connection with respect to g.

Proof. By condition (iii) of Theorem 4.2 and (3.1) we see that F is totally
geodesic with bundle-like metric if and only if we have

(Vx9)(QY,QZ) =0 and (Vxg)(Q'Y,Q'Z) =0,

for any X,Y,Z € I'(TM), where V* is the Vranceanu connection induced by
the Levi-Civita connection V on (M, g). On the other hand, since V* is an
adapted linear connection on the almost product manifold (M, D,D+) (see
Section 1.2), we have

(Vx9)(QY,Q'Z) = X(9(QY,Q'Z)) — g(VxQY,Q'Z)
—9(QY,VxQ'Z) =0, VXY, Z € I'(TM).

Comparing the above equations satisfied by V* and g with (1.5.9) we conclude
that V* is a metric connection with respect to g. Thus the proof is complete.
L]

An important question for foliations can be stated as follows. Given a
foliation F on a manifold M, is there a Riemannian metric ¢ on M such
that F is totally geodesic? In the affirmative case F is called a geodesible
foliation (cf. Johnson-Whitt [JW80]). When M is compact, Ghys [Ghy83]
has classified the geodesible foliations of codimension 1. However in higher
codimension the existence of geodesible foliations is still an open problem.
From Theorem 4.16 it follows that the existence of geodesible foliations with
bundle-like metric is equivalent to the existence of a Riemannian (semi-Rie-
mannian) metric with respect to which the Vranceanu connection is a metric
connection.

Also, there were several investigations on totally geodesic foliations whose
leaves are preserved by the flow of a Killing vector field. Important results
on this problem have been obtained by Johnson and Whitt [JW80], Oshikiri
[Osh83], [Osh86] and Curras—Bosch [CB88].
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Now, we consider a foliation F on a Riemannian manifold (M,g) with
bundle-like metric g. As we have seen at the end of the previous section, the
geodesic symmetries of the transversal model Riemannian manifold need not
be isometries. However, as the next theorem shows, this is true when both F
and M satisfy some additional conditions.

Theorem 4.17. (Tondeur—Vanhecke [TV90]). Let (M, g) be a Riemannian
manifold of constant curvature, and F be a totally geodesic foliation on (M, g)
with bundle-like metric g. Then F is transversally symmetric.

According to the result stated in Theorem 4.12, we conclude that foliations
from the above theorem must be of large codimension, when M has non—zero
constant curvature.

At the end of Section 3.3 we have presented the transversally symmetric
foliations in relation with locally symmetric Riemannian spaces. Here, we con-
sider a class of totally geodesic foliations which is in relation with generalized
symmetric Riemannian spaces. To introduce these concepts we start with a
Riemannian manifold (M, g). An isometry of (M,g) with an isolated fixed
point € M is called a symmetry of (M,g) at . A family {s, : x € M}
of symmetries of (M, g) is called an s—structure on (M, g). When each sym-
metry s, is involutive we call {s, : « € M} an involutive s—structure on
(M,g). Then (M, g) is called a (globally) symmetric Riemannian space
if it admits an involutive s—structure. The main results on the geometry of
(locally or globally) symmetric Riemannian spaces can be found in the book
of Helgason [HelO1].

Next, we say that the s—structure {s, : € M} is regular if it satisfies

Sz 08y =8,08;, 2= 5:(Y),

for every two points x,y € M. Then (M, g) is called a generalized symme-
tric Riemannian space (s—manifold) if it admits a regular s—structure (cf.
Kowalski [Kow80], p. 8). A study of the geometry of generalized symmetric
Riemannian spaces has been presented in the book of Kowalski [Kow80].

Now, let F be an n—foliation on an (n + p)-dimensional Riemannian ma-
nifold. Denote by G the group of all leaf—preserving isometries of M. Thus
f € G if and only if f is an isometry of M, and for each z € M, f(L,) = L,,
where y = f(z) and L,, L, are the leaves through = and y respectively. If
0 : M — M denotes the continuous projection to the leaf space M = M/F,
then an isometry f of M is an element of G if and only if there is a homeomor-
phism f : M — M, necessarily unique, such that 8o f = fo 6. A leaf L is
said to be a fixed leaf of f if f(x) = z for every x € L. That is, L is a fixed
leaf of f, if and only if L is point-wise fixed by f. Finally, a fixed leaf L is
said to be an isolated fixed leaf if L is an isolated fixed point of M.

With the concept of generalized symmetric Riemannian space in mind, we
say that F is a symmetric foliation of M if, for each leaf L of F, there
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is a leaf—preserving isometry fr of M for which L is an isolated fixed leaf.
Thus the concept of symmetric foliation, introduced by Farran and Robertson
[FRI6], reduces to that of generalized symmetric Riemannian space when the
foliation of the manifold is the trivial foliation of M by point leaves. A family
of examples of symmetric foliations is provided by the Hopf fiberings of the
(2n + 1)-dimensional sphere S?"*1 over the complex projective space P, (C)
by great circles, and of the sphere S4"*+3 over the quaternionic projective
space P,(IH) by great 3—spheres. We present other examples after the next
theorems which have been proved by Farran and Robertson [FR96].

Theorem 4.18. Every symmetric foliation F of a Riemannian manifold
(M, g) is totally geodesic. Moreover, every leaf of F is a closed subset of M.

Theorem 4.19. Let F be a symmetric foliation of a Riemannian manifold
(M, g). Then the leaf space M = M/F has a structure of a smooth, possibly

non—Hausdorff manifold for which 6 : M — M is a submersion.

Theorem 4.20. Let F be a symmetric foliation with compact leaves of a
Riemannian manifold (M, g). Then we have the following:

(i) 0: M — M isa fibering, provided M is complete.
(ii) The group G of leaf-preserving isometries ofM acts tmnsztzvely on M.

(iii) If g is a G-invariant Riemannian metric on M, then (M J) is a genera-
lized symmetric Riemannian manifold.

The two notions of transversally symmetric foliation (see Section 3.3) and
symmetric foliation on a Riemannian manifold have been introduced indepen-
dently in Tondeur—Vanhecke [TV90] and Farran-Robertson [FR96] respecti-
vely. Now, we would like to discuss the relationship between these two classes
of foliations. The following remarks will explain this relationship.

Remark 4.3. Transversally symmetric foliations need not be symmetric fo-
liations. The next example supports our assertion. [

Example 4.4. let F be the foliation of M = IR?\{0} by circles with center
at the origin, and g be the Euclidean metric on M. Then it is easy to see
that ¢ is a bundle-like metric for F. Also, since F is of codimension one, by
Corollary 3.14 we conclude that F is transversally symmetric. However F is

not a symmetric foliation because its leaves are not totally geodesic submani-
folds of M. L]

Also, the foliation in Example 4.4.1 supports the above assertion. Indeed,
that foliation is with bundle-like metric (being parallel) and it is transversally
symmetric (being of codimension one). However, it is not a symmetric foliation
because its leaves are not closed subsets of the torus.
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Remark 4.5. Symmetric foliations need not be transversally symmetric fo-
liations. We give two examples to support this assertion. [

Example 4.6. Let F be the foliation of M = IR?\ {0} by straight rays
emanating from the origin, and g be the Euclidean metric on M. Every leaf
(ray) L determines a unique straight line Sz, through the origin. We take fr, to
be the reflection with respect to Sy. Then fr, is a leaf-preserving isometry for
which L is an isolated fixed leaf. Thus F is a symmetric foliation. However, F
is not a transversally symmetric foliation because g is not bundle-like for F.m

Example 4.7. Let (P, h) be a generalized symmetric Riemannian space which
is not a locally symmetric Riemannian space, and (P, h’) be any Riemannian
manifold. Take (M, g) to be the Riemannian product (P,h)x(P’,h') and F
the foliation of M by copies of (P’,h’). Then the leaf space of F can be
identified with (P, h) and therefore F is a symmetric foliation. However F
is not transversally symmetric because the transversal model of F is not a
locally symmetric Riemannian space. [

3.4.2 Totally Umbilical Foliations on Semi—Riemannian Manifolds

Let F be a non-degenerate n—foliation on an (n + p)-dimensional semi-Rie-
mannian manifold (M, g). Consider the second fundamental form h of F given
by (2.5) and choose an orthonormal frame field {Fy,...,E,} of signature
{€1,..ven} in I'(D), where D is the structural distribution of F. Then we
define the mean curvature vector field H of F by the formula

1 n
H==S eh(E;, E,). 42
- ;€zh( i Ei) (4.28)

It is easy to check that H does not depend on the orthonormal basis
{E;}, so it is a global section of the transversal distribution D+. If {E,},
a € {n+1,...,n+ p} is an orthonormal basis with signature {e,} in (D),
we denote by A, the shape operators of F with respect to E, (see (2.9)).
Then by using (3.45) and (2.12¢) we express H as follows

n+p n

1
H=- > D eacig(AaEi, E)E,. (4.29)

a=n+1 i=1

We note that nH is denoted in Kamber-Tondeur [KT82] by 7 and it is called
the tension field of 7. The mean curvature form of the foliation F on
(M,g) is a 1-form k on M defined by

k(X)=g(X,H), VX € I'(TM). (4.30)
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Thus we have
(a) K(QX)=0 and (b) k(Q'X)=9g(Q'X,H), VX € ['(TM). (4.31)
By using (4.28) and (4.29) in (4.31b) we deduce that

HQX) = — S eiglh(Bi, E), Q' X)

=1
[t (4.32)
= - Z ZEaEig(AaEi;Ei)g(EoquX)'
[
0 0 . . . .
Now, let popeiiy e be a semi—holonomic frame field on the foliated semi—
o
Riemannian manifold (M, g, F) (see (1.21)). Then we put
() H=H"-"" and (b) ko =k (=) (4.33)
oz Sz

Thus H (resp. k) is a transversal vector field (resp. transversal 1-form), and
on the domain of a foliated chart on M we have

ko = gapHP. (4.34)
Next, we suppose that at any point of M, H is not a light-like vector. In this
case we consider the unit vector field NV in the direction of H, that is, we have

1
N = H. 4.35
[l (4.35)

Then we define the mean curvature function 7 of the foliation F with
respect to N by
7 =nk(N) =ng(N, H). (4.36)

By using (4.28), (2.5) and (4.35) in (4.36) we obtain

a) T = ZElg(N, h(Ez, Ez)) = Zgig(N? ﬁELEl%
i=1 i=1 (4.37)

(b) 7 =nen|H]|,

where ey = *1 is the signature of N and V is the Levi-Civita connection on
(M, g). In the Riemannian case (4.37a) becomes (see Oshikiri [Osh90])

=Y g(N,Vg,E). (4.38)
=1

For a foliation of codimension one the choice of N as in (4.35) gives an orien-
tation for the transversal distribution. In this case there were found conditions
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for a smooth function on M in order to be represented as a mean curvature
function with respect to a metric on M (cf. Walczak [Wa84], Oshikiri [Osh90],
[Osh91)).

Now, we come back to the general case and give the following definition.
We say that a non—degenerate foliation F on a semi—Riemannian manifold
(M, g) is totally umbilical if its second fundamental form h given by (2.5)
satisfies

hQX,QY)=g(QX,QY)H, VX, Y e I'(TM), (4.39)

where H is the mean curvature vector field of F. Clearly F is totally umbilical
if and only if its leaves are totally umbilical (see O’Neill [O83], p. 106). In
particular, from (4.39) we obtain

MQX,QX) =g(QX,QX)H, VX € I'(TM),

which says that the leaves of F bend toward H in space-like directions and
away from H in time-like directions.

The condition (4.39) can also be expressed by using the shape operator of
the foliation. Indeed, by using (2.12c) and (4.39) we obtain

9(AgzQX,QY) = g(h(QX,QY),Q'Z) = g(9(H,Q'Z)QX,QY).
Thus F is totally umbilical if and only if its shape operators satisfy
Ao zQX =k(Q'2)QX, VX,Z e I'(TM). (4.40)
Now, we put A = A s, o € {n+1,....,n+ p} and by using (4.40) obtain
the following.

Theorem 4.21. A non—degenerate foliation F on a semi—Riemannian mani-
fold (M, g) is totally umbilical if and only if its shape operators A, satisfy

Ay =kol, a€{n+1,...n+p}, (4.41)

where I is the identity on I'(D) and k,, are the local components of the mean
curvature form given by (4.34).

Proposition 4.22. Any non—degenerate 1-foliation on a semi—Riemannian
manifold (M, g) is totally umbilical.

Proof. Let F; be a unit vector field spanning D in a certain neighbourhood.
Then by (4.28) we have
H= 61h(E1,E1).

Thus for any X € I'(D) we have X = fFE; and
WX, X) = f*h(Ey, E1) = f?erH = f?g(E1, E1)H = g(X, X )H,

which proves our assertion. [
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Example 4.8. Let ]R;H'l, n > 2, be the (n + 1)—dimensional semi-Euclidean

space of index 0 < ¢ < n. Then the pseudo—sphere of radius r > 0 in ]R;H'1
is the hyperquadric defined by

Sq(r)={z e Ry™ : g(z,2) =%},

where g is given by (1.4.9). Similarly, the pseudo—hyperbolic space of ra-

dius 7 > 0 in ]RZIll is the hyperquadric

Hi(r)={r¢€ ]Rgill :g(x, ) = —r?}).

It is known (see O’Neill [O83], p.111) that both Si'(r) and H (r) are totally
umbilical hypersurfaces of IRZ‘F1 and IR:;Ll respectively. Therefore the set
of all pseudo—spheres in IR:;+1 (resp. pseudo—hyperbolic spaces in IRgill) de-
fines a totally umbilical foliation on M = IRZ’H\{O} (resp. M = ]R;Ljfll {0}).

In particular, the set of all spheres centered at the origin defines a totally
umbilical foliation on IR™1\{0}. "

Let M be a non-degenerate real hypersurface of an indefinite almost Her-
mitian manifold (M, J, g). If TM~ is the normal bundle of M, then J(TM™)
defines a line field on M. Thus, by Proposition 4.22, M carries a totally um-
bilical 1-foliation. In particular, any non-degenerate hypersurface of IR(QI” is
endowed with a totally umbilical 1-foliation.

To state some results on the geometry of totally umbilical foliations we give
the following definitions. We say that the foliation F is homogeneous if it is
an orbit foliation of a group of isometries. When the transversal distribution
D+ to a foliation F defines a totally geodesic foliation we say that F is flat.
It was proved by Gromoll and Grove [GG85| that line fields with bundle-like
metrics (Riemannian flows) are always flat or homogeneous in any space
of constant curvature. This result was generalized by Walschap [Was97] to
totally umbilical foliations as follows.

Theorem 4.23. (Walschap [Was97]). Let F be a totally umbilical n—foliation,
n > 1, on a complete simply connected Riemannian manifold (M(c),g) of
constant curvature c, such that g is bundle—like for F. Then F is flat if ¢ <0
and homogeneous (actually totally geodesic) if ¢ > 0.

The proof of this theorem is based on the Riccati type equation (4.16) and
we omit it here.

Next, we want to get more information about the geometry of F on con-
stant curvature manifolds. First we recall that the curvature tensor field R of
(M(c), g) is given by (cf. Chen [CT73], p. 47)

RIX,Y)Z =c(g(Z,Y)X — g(Z,X)Y), VX,Y,Ze (TM).  (4.42)
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The case ¢ > 0 is the most simple. Indeed, since F is a totally geodesic
foliation, by using (4.1) and (4.42) in (1.6.3) we deduce that all leaves of F
are also Riemannian manifolds of constant curvature c. To study the case ¢ < 0
we first consider the curvature tensor field R of the induced connection V on
the structural distribution D (see (2.3a)). Then we say that F is a foliation
of scalar curvature K if R can be expressed as follows on I'(D)

R(QX,QY)QZ = K(9(QZ,QY)QX — g(QZ,QX)QY), (4.43)

for any XY, Z € I'(TM). As the restriction of R to each leaf of F is just
the curvature tensor field of that leaf, by Schur Theorem for Riemannian ma-
nifolds (cf. Kobayashi-Nomizu [KN63], p.202) we conclude that the function
K from (4.43) must be basic, that is, K depends on (z"*1,...,2"P) alone
provided n > 2. Now, by using (4.39), (4.42) and (4.30) in (1.6.3) we obtain

R(QX,QY)QZ = (c+ k(H))(9(QZ,QY)QX — g(QZ,QX)QY), (4.44)
where k(H) depends on (z*) alone, if n > 2. Next, from (1.6.13) we deduce
that the torsion tensor field of the Schouten—Van Kampen connection satisfies

T°(QX,QY) =0, VX, Y € I'(TM). (4.45)

Then we take X = QX and Y = QY = QZ in (1.6.4) and by using (4.42),
(4.39), (4.45) and taking into account that V is a metric connection (cf. (i) of
Lemma 1.5.5) we obtain

VoxH =0, VX € I'(TM), (4.46)

which implies that k(H) is basic in any dimension. When k(H) is a constant
on M, that is all leaves of F have the same constant curvature, we say that
the foliation is of constant curvature. Now we state the following.

Theorem 4.24. Let F be a totally umbilical n—foliation, n > 1, on a complete
simply connected Riemannian manifold (M (c), g) with bundle-like metric and
¢ < 0. Then we have the assertions:

(i) F is of scalar curvature ¢ + k(H), where k(H) is a basic function.
(ii) F is of constant curvature if and only if all leaves of F are flat, that is,
they are of zero sectional curvature.

Proof. Clearly, the first assertion follows from the arguments stated before
the theorem.

Next, by using (4.42) and (2.12b) in (1.6.3) and taking into account that
F is flat we obtain

9(R(Q'X,QY)QZ,QU) = g(h(QY,QZ2), h(Q'X,QU))
—9(hQ'X,Q2), h(QY,QU)) = g(h'(Q'X, h(QY,QU)),Q2Z)
—g(W(Q'X, h(QY,QZ2)),QU) =0,
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since b’ vanishes on D+. Thus R(Q'X,QY)QZ = 0, which in local coordinates
means (see (2.3.30))
R, =0. (4.47)

Then by direct calculations using (2.17), (4.39), (4.30) and (4.33b) we deduce
that
(a) ho®i =0 and (b) ;%o = —k40F. (4.48)

Now we use the Bianchi identity (2.4.31) for the Schouten—Van Kampen con-
nection V° on (M(c), g). By using Proposition 2.9 and (4.48) we deduce that
the adapted torsion tensor fields from (2.4.31) are given by

(@) ", =1°;", =0, (b) T,"; = —h';" = k07,

(4.49)
(C) C/,ysk = Torysk = hrysk = 0.
Thus by (4.47) and (4.49) we see that (2.4.31) becomes
Ri" o — 2k R ji = 0, (4.50)

where |° represents transversal covariant derivative with respect to V° (see
Section 3.2) and R;"j, are the local components of R from (4.44) with respect

to the semi-holonomic frame field 8' ) i , i.e., we have
oxt dx®
Ri"j1, = (c+ k(H)) (9501 — gind})- (4.51)

Taking the transversal covariant derivative in (4.51) and by using (2.19b) and

(2.3.17) we obtain

O(k(H))
Ox”

since k(H) is a basic function on M(c). Comparing (4.50) with (4.52) and
using (4.51) we deduce that

(WH))

oxY

Ri" jipor = (9501 — 9ix6}), (4.52)

-2y (e k() ) (n - 18 =0,

which implies
9(k(H))
ox"
since n > 1. Now, suppose that F is of constant curvature. Then from (4.44)
it follows that ¢ + k(H) must be a constant on M. As k(H) is basic, from
(4.53) we obtain

= 2%, (c + k(H)), (4.53)

(a) c+k(H)=0 or (b) ko =0, forallae{n+1,...,n+p}.

But (b) can not occur because ko = 0 implies H = 0 and thus F is totally
geodesic with bundle-like metric on M(c). As by Theorem 4.23 F is flat, we
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apply assertion (i) of Corollary 4.14 and justify our assertion. Thus only (a)
can occur, and this proves the assertion (ii) of our theorem. L]

In case of positively curved manifolds a similar result to the one stated in
Corollary 4.13 for totally geodesic foliations has been obtained.

Theorem 4.25. (Walschap [Was97]). Let F be a totally umbilical n—foliation
with bundle-like metric on an (n + p)-dimensional Riemannian manifold
(M, g) of positive curvature. Then n <p — 1.

Finally, we mention here that a foliation F on a manifold M is said to be
umbilicalizable if there exists a Riemannian (semi—Riemannian) metric g on
M for which F is totally umbilical. As it is well known, any totally umbilical
and minimal non-degenerate submanifold of a semi-Riemannian manifold is
totally geodesic. However, such an assertion on umbilicalizable and geodesible
foliations is not obvious. Results on this matter can be found in Carriere
[Car81] and Cairns [Cai90]. Also, some decomposition theorems for Rieman-
nian manifolds endowed with two complementary orthogonal totally umbilical
foliations have been obtained by Koike [K90].

3.4.3 Minimal Foliations on Riemannian Manifolds

Let (M, g) be an (n + p)-dimensional semi-Riemannian manifold and F be a
non-degenerate n—foliation on M with D and D+ as structural and transversal
distributions respectively. Consider the Levi-Civita connection V on (M, g)
and the intrinsic connection D+ on D+ defined by (1.10b). Now, we define
a Dt -valued differential r—form on M, as an F(M)-multilinear mapping
w: (TM)" — I'(Dt) such that

W( X1y Xo(r)) = e(0)w(X1, oy Xi),

for any permutation o of {1,2,....,r}, where (o) = +1 is the signature of
0. Then we define the intrinsic covariant derivative of w with respect to
X € I'(TM) as the r—form D+w given by

(Dxw)(Y1, ... V) = Dx(w(V1,... V) =Y w(Yi, .., VxYi, ., Ys),  (4.54)
1=1

for any Y; € I'(TM), i € {1,...,7}. Next, denote by A"(M,D*) the F(M)-
module of all Dt—valued differential r—forms on M. Then we define the
D' —exterior derivative as the differential operator

d: A"(M, D) — A™Y(M, DY),

given by
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r+1
dw(Yla ey }/’r’-‘rl) = Z(_1)1+1(D1J/_1w)(yla "'7)/i7 --'75/7“+1)7 (455)

i=1

where )71 means that Y; is omitted. As in Section 3.1 denote by R’ the curva-
ture tensor field of D+ and keep the same symbol for the L(D+, D+)-valued
2—form

(X,Y) — R(X,Y), VX,Y € I'(TM).

Then it can be proved that
d*w =R Aw,

where A is the usual exterior product of vector bundles valued forms. Accor-
ding to (1.33) we have R'(QX,QY) =0 for any X,Y € I'(TM), and therefore
d*w = 0 for any w restricted to I'(D)". Thus a De Rham cohomology of D+~
valued forms along the leaves can be developed. This was done in more general
setting by using the quotient bundle TM/D by several authors (cf. Vaisman
[Vai71], Kamber—Tondeur [KT71]).

Next, we consider the D+ -divergence operator

d* . A"(M, DY) — A™"Y (M, D),
given by

n+p

d*w(Yy, .., Y_q) = —ZEA(DéAw)(EA,Yh o Yly), (4.56)
A=1

where {E4}, A € {1,...,n+ p} is an orthonormal field of frames on (M, g) of
signature {e 4}, adapted to the decomposition (1.1). We note that A°(M, D+)
is identified with I'(D%).

More about the above three operators DL, d, d* on Riemannian manifolds
can be found in Tondeur [Ton97], where D+ = V, d = dy and d* = dv.
Also, in the Riemannian case the name divergence operator was given to d*
by Sanini [San82].

Our purpose is to present the basic properties of these operators on semi—
Riemannian manifolds. To this end we consider the projection morphism
Q' : I(TM) — I'(D}) as a Dt-valued 1-form. Then we apply D+, d and
d* to @' and by using (4.54), (4.55) and (4.56) we obtain

(Dx@)(Y) =DxQ'Y - Q'(VxY), (4.57)
dQ'(X,Y) = (DxQ)(Y) — (DyQ)(X), (4.58)
and
n+p

d'Q = — Z€A(D$A Q') (Ex), (4.59)
A=1
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respectively. According to the name we gave to d*, we also call d*@Q’ the
divergence of Q’. Now, we prove the following.

Lemma 4.26. Let F be a non—degenerate n—foliation on an (n+p)—dimensional
semi—Riemannian manifold (M, g). Then we have

(a) (DxQ)(QY) = —h(X,QY),
(b) (DxQ)(Q'Y) = —h(Q'Y,QX), (4.60)
(¢) dQ' =0, (d)d*Q =nH,
where H is the mean curvature vector field of F and h is the F(M)-bilinear
form given by (2.4a).

Proof. By using (4.57) and (2.4a) we obtain (4.60a). Then we use (4.57),
(2.3b) and (2.7d) and deduce (4.60b). Next, taking into account (4.58), (1.5.8),
(1.4) and (1.9) we infer that

dQ'(X,Y) = D%Q'Y — DFQ'X — Q'[X.Y]
= {DXQ'Y - D&y Q'X - Q'[X,Q'Y]}
~ QQY,Q'X] ~ Q'[X.QY]
= —Q{IQY,Q'X] + [@'X.QY]} - Q[QX, QY] =,

which proves (4.60c). Finally, we use (4.60a), (4.60b) and (4.28) into (4.59)
and obtain

n n+p
Q' ==Y & (DEQ)Ei— Y ea (D5, Q') Ea
1=1 a=n-+1
n n+p
=Y ah(EyE)+ ) eah(Q Ea,QE,)
i=1 a=n+1
= Y eih(Ei, E;) = nH,
i=1
that is, (4.60d) is proved. "

For foliations on Riemannian manifolds the proofs of (4.60c) and (4.60d)
were given by Kamber and Tondeur [KT82] (cf. Propositions 2.2 and 3.2).

From (4.60c) we see that the exterior derivative of Q" vanishes identically
on M, while its intrinsic covariant derivative and divergence, in general, do
not. When this happens the foliation has some special geometric properties
as we see in the next two theorems.

Theorem 4.27. Let F be a foliation as in Lemma 4.26. Then the intrinsic
covariant derwative of Q' vanishes identically on M if and only if (M,g) is
a locally semi—Riemannian product with respect to the decomposition (1.1).
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Proof. From (4.60a) and (4.60b) we deduce that D%Q’ = 0 for any
X € I'(TM) if and only if

(a) h(QX,QY) =0 and (b) h(Q'X,QY)=0, VX, Y € I'(TM). (4.61)
Next, by using (2.12b) we see that (4.61b) is equivalent to
P(Q'X,Q'Z)=0VX,ZeI(TM).

So DxQ' = 0 for any X € I'(TM) if and only if the second fundamental
forms h and b’ of D and D~ vanish identically on M, that is, M is a locally
semi-Riemannian product (see Section 1.5). n

Theorem 4.28. Let F be a foliation as in Lemma 4.26. Then the following
assertions are equivalent:

(i) The divergence of Q' vanishes identically on M.
(ii) The mean curvature vector H of F vanishes identically on M.
(iii) The mean curvature form k of F vanishes identically on M.

Proof. The equivalence of (i) and (ii) follows from (4.60d). Also, (4.30) implies
the equivalence of (ii) and (iii). n

From now on, we restrict our study to foliations on Riemannian manifolds.
In this case, the equivalence of (i) and (ii) in Theorem 4.28 has been proved
by Kamber and Tondeur [KT82]. If one of the assertions in Theorem 4.28
is satisfied (and therefore all) we say that F is a minimal foliation or a
harmonic foliation. By assertion (ii) we see that F is minimal if and only
if all leaves of F are minimal submanifolds of (M, g). This gives us a reason
to call F a minimal foliation. Also by (i) we see that if F is harmonic then
the Laplacian of Q' given by AQ’ = dd*Q’ + d*dQ’ vanishes via (4.60c). Thus
Q' is a harmonic D -valued 1-form, which justifies the name harmonic for
F. When (M, g) is compact and oriented, and g is bundle-like for F, it was
proved by Kamber and Tondeur [KT82] that AQ’ = 0 implies d*Q’ = 0.

Proposition 4.29. Let F be a foliation on a Riemannian manifold (M,g)
such that:

(i) The mean curvature vector is parallel with respect to the intrinsic connec-
tion D+ on D+, i.e., we have

DyxH =0, YX € I'(TM). (4.62)

(ii) The transversal Ricci tensor of F is non—degenerate on M.

Then F is a minimal foliation.
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Proof. Locally (4.62) is equivalent to
(a) H*;, =0, (b) H%g=0. (4.63)
Then by using (4.63) and (1.38b) in (1.50) we deduce that
H°R.; =0,

which implies H® = 0 for any € € {n + 1,...,n + p}, since | ’aﬁ] is non—
degenerate. Hence F is minimal. [

Remark 4.9. The condition (ii) is satisfied by any foliation that is transversal
Einstein with non-zero transversal scalar curvature. Also, we have the same
conclusion if we replace (ii) by the topological condition (see Kamber—Tondeur
[KT82])

(ii") M is a compact and oriented manifold. n

As in the case of the other two classes of foliations studied in the pre-
vious subsections, there were several studies on the existence of a Rieman-
nian metric ¢ on M with respect to which the foliation F is minimal. In the
affirmative case the foliation is called geometrical taut. It was first Sullivan
[Sul79] who found a necessary and sufficient condition for F to be taut. Then
Rummler [Rum79] and Haefliger [Hae80] obtained geometrical and topological
characterizations of taut foliations.

Finally, we note that the three problems on the existence of a Rieman-
nian metric g with respect to which F falls into one of the categories: totally
geodesic, totally umbilical or minimal become much more difficult in the semi—
Riemannian case. This is because the existence of such a metric requires some
strong topological conditions. For instance, a Lorentz metric exists on M if
and only if either M is noncompact, or M is compact and has Euler number
X(M) = 0 (cf. O'Neill [O83], p. 149). In general, there is a close relationship
between the existence of a semi-Riemannian metric of index ¢ on a mani-
fold M and the existence of a ¢—distribution on M. More precisely, a smooth
compact manifold admits a semi-Riemannian metric of index ¢ if and only if
it admits a g¢—distribution (see Steenrod [Stee51], p. 207). This explains the
above results on the Euler number of a compact manifold endowed with a
Lorentz metric.

3.5 Degenerate Foliations of Codimension One

In the present section we initiate a study of the geometry of a degenerate
foliation of codimension one on a semi—-Riemannian manifold. We introduce
the concept of screen distribution on a manifold endowed with a degenerate
foliation and construct the null transversal bundle to the foliation. Though
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this bundle depends on the screen distribution, the second fundamental form
of a degenerate foliation is the same for all screen distributions.

Let (M,g) be an (n + 1)-dimensional proper semi-Riemannian manifold
and F be an n—foliation with structural and transversal distribution D and D+
respectively. Suppose that the null distribution N' = D N D~ is of maximum
rank 1, that is, all fibers of AV are 1-dimensional. Then we say that F is
a degenerate foliation on (M, g). In this case N' = D+ and thus F is
degenerate if and only if D+ is a subbundle of D. On the other hand, if F is
degenerate then the induced tensor field by g on D is of rank n — 1, since the
null distribution is of rank 1. The converse is also true. Finally, F is degenerate
if and only if each leaf of F is a degenerate hypersurface (cf. Bejancu [B96]).
Thus summing up this discussion we may state the following.

Theorem 5.1. Let F be a foliation of codimension one on an (n + 1)-
dimensional proper semi-Riemannian manifold (M,g). Then the following
assertions are equivalent:

(i) F is a degenerate foliation.

(ii) D+ is a vector subbundle of D.

(iii) The induced tensor field by g on D is of rank n — 1.
(iv) Any leaf of D is a degenerate hypersurface.

Hence, from now on D+ is a totally null distribution, that is, locally there
exists a null vector field ¢ such that D+ = span{¢}. We call ¢ the null struc-
tural vector field of the degenerate foliation F. Before we go further into
the study let us present some examples of degenerate foliations.

Example 5.1. Let ]RZJr1 = (R™™,g) be the (n + 1)-dimensional semi-
Euclidean space with g given as in (1.4.9). Then consider n 4+ 1 fixed real
numbers Aq, ..., A1 satisfying

q n+1
S = >0 (A% Aty Ang) # (0,...,0).
t=1 s=q+1

It is easy to see that the foliation by hyperplanes

n+1

Z)\ax“ =c, c€RR,
a=1

is a degenerate foliation on ]RZ+1 with null structural vector field

n+1

Z)\tat—i—z L]

s=q+1

Example 5.2. Let RT™ = (R"*! g) be the (n + 1) dlmensmnal Lorentz
space with g given as in (1.4.10). Denote by L the z'-axis of IRT"* and
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consider the open submanifold M = R} T\ {L} of R} ™. Then denote by F+
and F~ the foliations on M with leaves given by

n+1 1/2
rt = (Z(IS)2> +e¢ ceXR,

s=2

and
n+1 1/2
Pr—— <Z(m9)2> +¢, ceR,
s=2
respectively. Both 7+ and F~ are degenerate foliations on M with null struc-
tural vector fields .
9 1,0
+ - — s ,
¢ ozl « ;Qx Ox®
and "
_ 0 1K, 0
o a e

respectively, where we set

n+1 1/2
a= (Z(mg)2> .

s=2

According to the terminology in physics under which leaves for ¢ = 0 are
known, we call F™ and F~ the future cones foliation and the past cones
foliation respectively. n

Example 5.3. Let M be the hypersurface of ]R{“|r1 situated in the half space
2" > 0 and given by the equation

n+1

D (@) =1

s=3
Consider the distribution D on M spanned by the vector fields
0 0 0 x® 0

5T 9ps  gntl gpntl

Xy = )
27 9xt T o2

v se{3,...,n}

It is easy to check that D is an integrable distribution and D+ is spanned by
¢ = X,. Therefore D is a vector subbundle of D, and by (ii) of Theorem 5.1
we conclude that D defines a degenerate foliation on M. n

According to the general theory of degenerate distributions developed in
Section 1.8 we may state the following (see Theorems 1.8.2 and 1.8.4).
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Theorem 5.2.

(i) Let F be a totally-null foliation on a 2-dimensional Lorentz manifold
(M, g). Then there exists a unique totally-null distribution D’ that is com-
plementary to D in TM.

(ii) Let F be a degenerate n—foliation on an (n+1)-dimensional semi—Rieman-
nian manifold (M, g) with n > 1. Then for a screen distribution S on M
there exists a unique totally-null distribution D'(S) that is complementary
toD in TM.

As the case n = 1 was fully analyzed in Section 1.8 we concentrate only on
the case n > 1. The second fundamental form B of the degenerate distribution
D (ctf. (1.8.19)) is also called second fundamental form of the degenerate
foliation F. B is a degenerate F(M)-bilinear form on I'(D), and does not
depend on the screen distribution & on M. As in case of non—degenerate
foliations we say that F is totally geodesic if B vanishes identically on M.
Also, we say that F is totally umbilical if on each coordinate neighbourhood
U C M there exists a smooth function p such that

B(X,Y) = pg(X,Y), VX,Y € I'(Dy). (5.1)

It is easy to see that the foliation from Example 5.1 is totally geodesic because
its leaves are degenerate hyperplanes which are totally geodesic immersed in
IRZ+1 (cf. Bejancu [B96]). Now, we consider the foliation F* from Example
5.2. Then the distribution D is spanned by the vector fields

ERral
0rs  «a Ox!
By direct calculations using (1.8.19) and (1.8.15a) we obtain

X, = v s€4{2,...,n+1}.

~ 1
B(Xs, X,) =g(Vx, X, &) = = (z°2" — a?d4).

Also, by (1.4.10) we have

1

9(Xs, X)) = e (@®8g. — x"2®).
1

Thus the future cones foliation F+ is totally umbilical with p = —— - Similarly,
«

it follows that F~ is also totally umbilical with the same function p.

Theorem 5.3. (Bejancu-Farran [BFO3b]). Let (M,g) be a 3-dimensional
Lorentz manifold. Then any degenerate foliation of codimension one is either
totally geodesic or totally umbilical.

Proof. Suppose that locally D = span{E, &} where ¢ spans D+ and E is a
non—null vector field. Then by (1.8.25) we have
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B(&,€) = B(E,€) = 0.

As g(£,€) = g(E,€&) =0, we see that (5.1) is satisfied with
p = h(E, E)/g(E, E).

Hence the foliation is either totally geodesic or totally umbilical, depending
on whether h(E, E) =0 or h(E, E) # 0, respectively. "

Now, according to the terminology in Section 1.5, ¢ is D-Killing if and
only if
(Leg)(Y, Z) = &(9(Y, 2)) — 9([€, Y], Z)
—-9([§. 2,Y) =0, VY, Z e I'(D),

where £ is the Lie derivative on M. It is easy to see that (5.2) should be
verified only for Y, Z € I'(S), where S is a screen distribution for D+. Thus
comparing (5.2) with (3.2) we may say that the degenerate metric g on D is
bundle-like for the foliation F* determined by D*. Next, we consider the
second fundamental form B of F (cf. (1.8.19) and (1.8.15a))

(5.2)

B(Y,Z) = g(VyZ,€), VY,Z e I'(D). (5.3)

Then by using (1.5.10) and taking into account that g(X,€&) = 0 for any
X € I'(D), we obtain

B(Y, Z) = —% {€(9(Y, 2)) = 9([6, Y], Z2) — 9([¢, 2], Y)}- (5-4)

Comparing (5.4) with (5.2) we deduce an interesting characterization of totally
geodesic degenerate foliations of codimension one.

Theorem 5.4. Let F be a degenerate foliation of codimension one on (M, g)
and FL be the totally-null foliation determined by D+. Then F is totally
geodesic if and only if g is bundle-like for F*.

We should note that D+ C D, so we may say that F=* is a subfoliation of
F. However by the above result we can see that F= gives a lot of information
about the ambient foliation F.
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PARALLEL FOLIATIONS

This chapter is dedicated to studying the geometry of parallel foliations on
semi-Riemannian manifolds. These are foliations whose tangent distributions
are invariant under parallel transport with respect to the Levi-Civita connec-
tion. The way these distributions behave with respect to the semi-Riemannian
metric is crucial and plays a major role in determining the geometry of both
the foliations and the ambient manifolds. Although, the case when a tangent
distribution is non—degenerate is very well determined, the situation for the
degenerate case is still very far from being understood.

Our aim is to give a fairly comprehensive picture of what is known (or at
least of what we know) about the geometry of a semi-Riemannian manifold
on which a parallel foliation is defined. In the degenerate case this problem
was completely solved as far as a local structure is concerned by A.G. Walker
in the fifties of the last century. A definitive global structure theorem for the
Riemannian case was obtained few years earlier by de Rham. The theorem of
de Rham was extended by Wu to include the non-degenerate semi-Rieman-
nian case, but as mentioned above, the global structure in the degenerate case
has not been settled yet. We hope that geometers will be encouraged by this
exposition to tackle the remaining unsolved problems.

The first section introduces the notion of parallelism in general, while
the second discusses parallelism on almost product manifolds. In the third
we move to parallelism with respect to the Levi-Civita connection on a semi—
Riemannian manifold. Section 4.4 treats the non—degenerate case culminating
with the most general form of the de Rham decomposition theorem.

Walker’s results lie on the heart of the remaining sections. These sections
were also greatly influenced by the way Walker’s results were exploited by
Robertson and Furness. The totally—null case was treated in Sections 4.5 and
4.6. The partially—null case is the most complicated and less understood one. It
was visited briefly in Sections 4.7 and 4.8. Section 4.8 also treats the situation
when the largest parallel degenerate foliation has a complementary foliation.
The last section embarks on a very important notion in differential geometry,

153
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namely that of G—structures. The purpose of the section is to study parallel
foliations on semi—Riemannian manifolds by using the theory of G—structures.

4.1 Parallelism

Let V be a linear connection on a smooth m—dimensional manifold M. Recall
that the tangent bundle M has a natural m—foliation by fibers (see Exam-
ple 2.1.4). The distribution VT'M tangent to this foliation is known as the
vertical distribution on TM. Geometrically, the linear connection V as-
signs an m~—distribution HT M on T'M complementary to VI'M as follows.
Let (z*,y*) be a coordinate system on T'M, where (z%), a € {1,...,m} are
local coordinates on M. Then we put

0 o0
— =1T1,° ) 1.1
525 Do ) ox¢ (1.1)
and consider the functions
Hg(f,y) :ya Facb(x)' (12)

Taking into account that {I,%(z)} are the local coefficients of a linear con-
nection on M, we define HT'M as the distribution that is locally spanned
by
) 0 0
= —H'(2,y) = a€e{l,..,m}. 1.3
S = g~ Hile) g @€ (L) (13)

From now on, HT' M is called the horizontal distribution on 7'M induced
by V.
d *

A path ¢* : [0,1] — T'M is said to be horizontal if ; € HT My~ (),
for all ¢ € [0,1]. Now, if o : [0,1] — M is a piecewise smooth path in
M taking z = ¢(0) to y = o(1) in M, then for each u € T, M, there is a
unique horizontal lift o* : [0,1] — T'M with ¢*(0) = u. This says that o*

is horizontal and that w(c*(t)) = o(t) where w : TM — M is the natural
projection. Then it is easy to check that for any ¢ € [0, 1]

To(t) * T M — Ta(t)M7 To(t) (U) = U*(t)7

is an isomorphism of vector spaces. 7,(;) is known as the parallel displace-
ment or parallel transport along o. If in particular, M carries a semi—Rie-
mannian metric g and V is the Levi-Civita connection with respect to g, then
To(t) 1 a linear isometry (cf. O’Neill [O83], p.66).

Conversely, given a distribution HTM complementary to VI'M, the pa-
rallel displacement can be used to define covariant differentiation. This is done
as follows. Let X and Y be two vector fields on M. For any point © € M we
take the integral curve o : [0,1] — M of X through z, that is, o(0) =  and
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o'(t) = X(o(t)). Then the covariant derivative VxY of Y with respect to X
is the vector field given by

(VxY)(z) = lim % (Tcr_é)Y(cr(t)) —Y(z)). (1.4)

t—0

Now,ifz € M,and o : [0,1] — M isaloop at x (that is 0(0) = o(1) = z),
then the parallel displacement 7,(; is an automorphism of T M. All such
automorphisms define a group @, known as the holonomy group of the
connection V at x. Since M is supposed to be connected, then holonomy
groups at different points are isomorphic to each other and we can speak of
the holonomy group @ of the connection V. If the action of @, on T, M leaves
a non—trivial k—dimensional subspace D, of T, M invariant, then @ is said
to be k—reducible. Accordingly, if @ is k-reducible then we say that M is
V-reducible. Otherwise, M is called V—irreducible.

We are now in a position to define parallel distributions on manifolds. So,
let V be a linear connection on an (n+p)—dimensional manifold M with n > 0,
p > 0. An n—distribution D on M is said to be parallel with respect to V if
D is invariant under parallel displacements. That is to say, for all z,y € M
and all piecewise smooth paths ¢ from z to y we have 7,(D,) = D,,.

Theorem 1.1. Let V be a linear connection on a connected smooth (n + p)—
dimensional manifold M withn > 0, p > 0. Then M admits an n—distribution
D parallel with respect to V if and only if @ is n—reducible.

Proof. First, if D is a parallel n—distribution on M, then for any x € M, and
any loop o at  we have 7,(D,,) = D,, and hence @ is n—reducible. Conversely,
suppose that @ is n—reducible. Then for some x € M we take D, to be the
subspace invariant under @,.. Now we define a distribution D on M as follows.
For any other point y € M we take D, to be the image of D, under any
parallel displacement 7, from T, M to T, M. To show that D, is independent
of the choice of o, we consider any other path § taking = to y. Then § oo
is a loop at = and hence D, is invariant under the parallel displacement
Ts—1log = Tgl oT,. Thus Tgl 074(Dy) = Dy, and hence 7,(D,,) = 75(D). Thus
D is well defined on M. The smoothness and parallelism of D follow directly
from its construction. n

Given a linear connection V on M, the above theorem discusses the exis-
tence problem for a distribution D that is parallel with respect to V. The
converse problem is to start with a distribution D on M and discuss the
existence of a linear connection V on M with respect to which D is parallel.
Before we discuss this issue, we state a proposition whose proof follows directly
by using (1.4).

Proposition 1.2. Let V be a linear connection and D a distribution on a ma-
nifold M. Then D is parallel with respect to V if and only if V is an adapted
connection to D.
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Now, we state the following.

Proposition 1.3. Let D be a distribution on a paracompact manifold M.
Then there is a linear connection on M with respect to which D is parallel.

Proof. Since M is paracompact, it admits a Riemannian metric g and hence a
Levi-Civita connection V (see Corollary 1.5.2). The connection we are looking

for is nothing but the Vranceanu connection defined by V (see (3.1.12)). =

In what follows we show that the integrability of a distribution is closely
related to the torsion of a linear connection. First, we prove the following.

Proposition 1.4. Let V be a linear connection and D a distribution on a
manifold M. If V is torsion—free and D is parallel with respect to V, then D
1s integrable.

Proof. Using Theorem 2.1.7, it is enough to show that D is involutive. Taking
into account that V is torsion—free, we have

[X,Y]=VxY —VyX, VX,Y € I'(TM).

Then, by using Proposition 1.2, we deduce that [X,Y] € I'(D), for any
X,Y € I'(D). Hence D is involutive. "

Next, by using the Vranceanu connection, we prove the converse of the
above proposition.

Proposition 1.5. Let D be an integrable distribution on a paracompact mani-
fold M. Then there exists a torsion—free linear connection V on M such that
D is parallel with respect to V.

Proof. Let g be a Riemannian metric on M and V* be the Vranceanu con-
nection defined by the Levi-Civita connection V on (M, g). Since the second
fundamental form h of D is symmetric (see the assertion (iii) of Lemma 1.5.5),
from (1.6.14) we deduce that the torsion tensor field T* of V* is given by

T(X,Y) =1 (QY,Q'X)-h(QX,QY), VX,Y € '(TM).
Then, by (1.5.21b) we obtain
T*(X,Y) = QVoyvQ'X —QVoxQY = -QIQ'X,QY],  (1.5)

since V is torsion—free. Now, we define a new linear connection

- 1
VxY = ViV — 2 T*(X.Y), VXY € I(TM). (1.6)
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By using (1.5) and taking into account that D is parallel with respect to
V*, we conclude that D is parallel with respect to V too. Finally, by direct
calculations using (1.6) we deduce that V is a torsion—free linear connection
on M. This completes the proof of the proposition. n

Next, by combining Propositions 1.4 and 1.5, we can state the following.

Theorem 1.6. (Willmore [Wil56], Walker [Wal55], [Wal58]). A distribution
D on a manifold M is integrable if and only if there exists a torsion—free linear
connection V on M such that D is parallel with respect to V.

In fact, Walker [Wal55] has studied the integrability and parallelism of a
complete system of distributions in relation to the torsion of a linear connec-
tion. A family of r distributions Dy, ..., D,. on M is said to be a complete sys-
tem of distributions if D;ND; = {0} for any i # j, and D1 ®- - -&D, = T'M.
Since the only complete system of interest to us is composed of two comple-
mentary distributions, we only prove the following. (Technically, if the number
of distributions is more than two, the proof is essentially similar.)

Theorem 1.7. Let (D,D’') be a pair of complementary distributions on a
manifold M. Then we have the assertions:

(i) There exists a linear connection ¥V on M such that both D and D' are
parallel distributions with respect to V.

(ii) D and D' are both integrable if and only if there exists a torsion—free linear
connection V* on M such that D and D’ are parallel with respect to V*.

Proof. Clearly, the Vranceanu and Schouten—Van Kampen connections de-
fined by the Levi—-Civita connection on M with respect to a Riemannian me-
tric have the property required in (i). The assertion (ii) is a consequence of
Theorem 1.3.3. n

In general, a foliation F on a manifold M is said to be parallel with
respect to a linear connection V, if the tangent distribution D of F is parallel
with respect to V. Then from Proposition 1.5 and the assertion (ii) of Theorem
1.7 we deduce the following.

Corollary 1.8.

(i) For any foliation F there exists a torsion—free linear connection ¥V on M
such that F is parallel with respect to V.

(ii) For any two complementary foliations F and F' on M there exists a
torsion—free linear connection ¥V on M such that both F and F' are parallel
with respect to V.
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Before we end this section on parallelism, it is worth describing two weaker
notions of parallelism that deserve some attention. These are the notions of
relative parallelism and self-parallelism that we describe below.

Let H be a distribution on a manifold M. A path o : [0,1] — M is said

to be tangent to H (or an integral path of H) if for all ¢ € [0,1] we have

d
di(z € H,(t)- In particular, if H is integrable, then the integral paths of H

are just paths in the leaves of the foliation determined by H. Now, suppose
that D is another distribution on M (not necessarily distinct from H), and
V a linear connection on M. We say that D is V-parallel relative to H if
D is invariant under parallel displacements 7, for all paths ¢ tangent to H.
When D is Vparallel relative to itself, then it is called self—parallel. The
next proposition follows directly from (1.4).

Proposition 1.9.

(i) D is V-parallel relative to H if and only if VxY € I'(D) for any X € I'(H)
andY € I'(D).
(ii) D is self-parallel if and only if VxY € I'(D) for any X,Y € I'(D).

It is interesting to note that in case of torsion—free linear connections the
self—parallelism implies the parallelism, as it is stated below.

Proposition 1.10. Let D be a self-parallel distribution with respect to a
torsion—free linear connection V. Then D is parallel with respect to a torsion—
free linear connection V'.

Proof. Since V is torsion—free, D is integrable. Then apply Proposition 1.5
and obtain the assertion. [

4.2 Parallelism on Almost Product Manifolds

Let D be an n—distribution on an (n+ p)-dimensional manifold M. In Section
1.1 we saw that we can always find a p—distribution D’ complementary to D,
thus obtaining an almost product structure F' on M given by (1.1.11). As
usual, for the almost product manifold (M, D,D’) we keep the notations Q
and @’ for the projection morphisms of TM on D and D’ respectively. Then
using Theorem 1.2.2 and Proposition 1.2 we obtain the following.

Theorem 2.1. Let V* be a linear connection on an almost product manifold
(M,D,D’). Then the following assertions are equivalent:

(i) Both D and D’ are parallel with respect to V*.
(i1) F is parallel with respect to V*.
(iii) Both Q and Q' are parallel with respect to V*.
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If in particular V* is a torsion—free linear connection, then by assertion
(ii) of Theorem 1.7 we conclude that any of the assertions in Theorem 2.1
implies the integrability of both distributions D and D’. Thus M is endowed
with two complementary foliations F and F'. Robertson [Rob70] called such
a pair a V*—grid, and the structure (M, V*, F, F'), a grid manifold.

To study the global geometry of almost product manifolds satisfying cer-
tain integrability and parallelism conditions we need the following models.
Let N and N’ be two smooth manifolds and M = NxN’ be their product
manifold. Then M carries two complementary foliations F and F’ by copies
of N and N’ respectively. Let D and D’ be their tangent distributions with
projection morphisms @ and Q. Now, if V and V' are linear connections
on N and N’ respectively, then we can define a linear connection V* on M
as follows. For any point z* = (z,2’) of M consider the coordinate systems
(b, ..., 2™ U) and (z" 1, ..., 2" TP:U’) about & € N and 2’ € N’ respectively.
Then (x!,...,2" 2", .. 2"P;UxU") is a coordinate system about z*. Sup-
pose {1}, i, 5,k € {1,...,n} and {I"3%,}, a, B,y € {n+1,....,n+p} are the
local coefficients of V and V' with respect to the coordinate systems (z*;U)
and (x*;U’) respectively. Then we define the local coefficients of V* with
respect to the coordinate system (zf, 2%;UxU’) as follows:

(a) F*jik = Fjik, i,5,k € {1, ...,n},
(b) F*ﬁa’y = F/ﬁa’yv 01767’)/ € {n + ]-7 w1 +p}7 (21)
(c) I'*,ts = 0, for all other triplets.
Also, we can express V* by the following invariant form
VY = (VoxQY, V'Q/XQ’Y), VX, Y e I'(TM). (2.2)

The pair (M, V*) is called the affine product of (V,V) and (N’,V').

Next, we consider the manifolds N and N’ endowed with two semi—
Riemannian metrics g = [gi;(z")], i,5,k € {1,..,n} and ¢ = [g}5(2")],
a,B,7 € {n+1,...,n + p}, respectively. Then we define the semi-Rieman-
nian metric g on M = Nx N’ by the formula

J(XY) =9(QX,QY) +4(Q'X,QY), VX,Y € I'(TM). (2:3)

Locally, we put

~ (0 0
gab_g<axa’axb>7 a7be {17an+p}a

where

0 o 0 .
{W} = {ax’ ) 63@“} ,a€{l,...,n+p}, i €{1,...,n}, a € {n+1,...,n+p},

is the natural field of frames on U xU’. Then from (2.3) we deduce that
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(2.4)

ij xk 0
(G ()] = [g ) ]

0 gapla?)

is the matrix of the local components of g. The manifold (M, gq) is called the
semi—Riemannian product of (N, g) and (N',¢).

The above two types of products will serve as local models for foliated
almost product manifolds.

Theorem 2.2. Let (M, D,D’) be an almost product manifold. If both D and
D’ are integrable, then every point x* € M has a neighbourhood V* = VxV',
where V and V' are open submanifolds of leaves of D and D’ through x*.

Proof. We assume that D and D’ are integrable distributions of rank n and
p respectively. Then we have two complementary foliations F and F' whose
leaves are of dimensions n and p respectively. Take L and L’ to be the leaves
through z* of F and F’ respectively. Then there is a foliated chart (U, ) about
x* with local coordinates (x!,...,2", 2" ... 2"*P) such that each plaque of
F is given by the equations
gt = et gt = et

Moreover, since x* is the origin of the coordinate system, we may take
(2!, ...,2™,0,...,0) as local coordinates on &N L. Similarly, we take another fo-
liated chart (U',¢') about a* with respect to F’ such that
(0,...,0,z"*L .., 2"*P) are local coordinates on U’ N L’. Then we choose the
open neighbourhoods V and V' of 2* in L and L’ such that VxV' Cc U NU’'.
Thus V* = VxV' is the required neighbourhood of z* in M. n

It is worth mentioning that we can take (z!,...,z" 2"t .. 2""P) as a
coordinate system on V* compatible with both foliations F and F’. That is
to say,

0 0 , 0 0
Dspan{axlwuaamn} and D Span{@x”ﬂw.w&x”ﬂ’}’ (2.5)

on V*.

The above theorem justifies the term locally product manifold for a
manifold with two complementary integrable distributions as we have seen in
Section 1.5.

Theorem 2.3. Let (M,D,D’) be an almost product manifold, and V* a
torsion—free linear connection on M. If D and D’ are parallel with respect
to V*, then for each x* € M there is a neighbourhood V* C M and two
submanifolds V and V' of M admitting torsion—free linear connections V and

V' such that (V*,V*) is the affine product of (V,V) and (V',V’).
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Proof. By the assertion (ii) of Theorem 1.7 we deduce that both distributions
D and D’ are integrable. Thus we can apply Theorem 2.2 and obtain the local
product V* = VxV’, where V and V' are open submanifolds of the leaves
L and L' respectively. Now, using Theorem 1.2.1 we infer that V* induces

two linear connections V and V' on D and D’ respectively, and we have (see
(1.2.4))

ViY = VxQY + V4QY, VXY € I'(TM). (2.6)
By using (2.5) and (2.6) we obtain
0 0 , 13} 0
—_— = * T - = * . 2
Vi ow ~ Vi ow | Vs om 5k 0e 27)

Thus V and V' from (2.6) define two torsion—free linear connections on V and
V' whose coefficients are related with coefficients of V* on V* by (2.1a) and
(2.1b). Moreover, from (2.7) we deduce that

I =T",'3=0. (2.8)
Next, since V* is torsion—free, we have
0 0
v* =V - .
527 Oz 7w Ot

As the two parts of this equality belong to complementary distributions, we
conclude that they must be zero. Hence we have

r*Fo=r,=r*%, =r<7,=0. (2.9)

Finally, (2.8) and (2.9) imply (2.1c), and therefore (V*, V*) is an affine product
of (V,V) and (V',V'). n

A manifold satisfying the conditions of Theorem 2.3 is called a locally
affine product manifold. It is clear that every locally affine product mani-
fold is a locally product manifold. The relationship in the opposite direction
is given by the following corollary.

Corollary 2.4. Every locally product manifold M admits a linear connection
V* such that (M,V*) is a locally affine product manifold.

Proof. Suppose that (M, D, D’) is a locally product manifold, that is, D and
D’ are both integrable. Then by the assertion (ii) of Theorem 1.7 it follows
that there exists a torsion—free linear connection V* on M with respect to
which D and D’ are parallel. Hence by Theorem 2.3 (M, D,D’) is a locally
affine product manifold with respect to V*. [

Now, if in addition V* is complete and M is simply connected, then
(M, D,D’) from Theorem 2.3 is globally an affine product. To be more specific,
we end this section by stating the following important result of Kashiwabara
[Kasb9).
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Theorem 2.5. Let V* be a complete torsion—free linear connection on an
almost product manifold (M, D,D’), where M is simply connected. If D and
D’ are parallel with respect to V*, then there exist two manifolds L and L'
admitting linear connections V and V' such that (M, V*) is the affine product
of (L, V) and (L', V').

In fact, the manifolds L and L’ are two leaves through a point z* € M of
the foliations F and F’ defined by D and D’ respectively. The connections V
and V'’ are induced by V* as we defined them in the proof of Theorem 2.3.
However, the complete proof of the above theorem is too technical and will
be omitted. It uses parallel transport along piecewise geodesic segments in L
and L’ to construct a covering map from (L, V)x (L', V') to (M,V*). Then
the result follows from the fact that M is simply connected.

4.3 Parallelism on Semi—Riemannian Manifolds

Let (M, g) be an m—dimensional semi-Riemannian manifold, and V the Levi-
Civita connection on M. As we have seen in Section 1.4, if D is a distribution
on M, then using g we define the orthogonal distribution D+. Two more
distributions arise in a natural way, namely, the distribution Dt = D + D+
and V' = D ND+. Notice that, in general, DT need not be equal to TM and
N need not be trivial, because this depends upon the degree of nullity of D.
Of course, if (M, g) is Riemannian, or in general when D is semi-Riemannian,
then Dt = TM and N = {0}.

Now, we suppose that A/, D and D+ are distributions of rank r, r + s and
r+u respectively. To determine the rank for DV, we recall the following result
from linear algebra with respect to the dimensions of subspaces in a vector
space (see O'Neill [083], p. 49)

dim D} = dim D, + dim Dy — dimN,, Yz € M. (3.1)

Hence D7 is a distribution of rank r + s + u. Moreover, by using (1.4.3) in
(3.1) we deduce that D is of rank m —r. Hence the dimension of the manifold
can be expressed as follows

m=2r+ s+ u. (3.2)

In order to stress the degree of nullity for each of the above distributions, we
also say that D, D+, Dt and N are of types (r,s), (r,u), (r,5 +u) and (r,0)
respectively. Now, by using the terminology from Section 1.4 we see that D
must be in exactly one of the following three classes:

a) D is non—degenerate (semi-Riemannian), if r =0, s > 0.
b) D is partially-null, if » > 0, s > 0.
¢) D is totally-null, if > 0, s =0.
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Remark 3.1. Parallelism, in the rest of this chapter will be considered only
with respect to the Levi-Civita connection on (M, g). n

Theorem 3.1. Let D be a distribution that is parallel with respect to the Levi—
Civita connection NV on (M, g). Then D+, Dt and N are also parallel with
respect to V.

Proof. First let us show that D+ is parallel with respect to V. Since g is
parallel with respect to V, from (1.5.9) we deduce that

9(VxY,Z)+g(Y,VxZ) =0, YX € ['(TM), Y € I'(D), Z e I'(D4).

As VxY € I'(D), we have g(VxY,Z) = 0. Hence g(Y,VxZ) = 0, which
implies that VxZe (D). Thus D+ is parallel with respect to V. Next, let
Ue (DY), that is, U = Y + Z, where Y € I'(D) and Z € I'(D}). Then by
using the linearity of V and the parallelism of both D and D+ we obtain

VxU =VxY +VxZeI'(DY), VX e I(TM).

Hence D is parallel with respect to V. Finally, take Y € I'(NV) and X €
[(TM). Then Y € I'(D) and Y € I'(D1), which implies that VxY € I'(D)
and VxY € I'(D+). Hence VxY € I'(N), that is, N is parallel with respect
to V. ]

Next, due to (3.2) we identify IR™ with the product IR"xIR*xR"xIR",
and denote points of R™ by the 4—tuples (z,y, 2, t) accordingly. Then we have
the following.

Theorem 3.2. Let D be a parallel distribution of type (r, s) on the (2r+s+u)-
dimensional semi—Riemannian manifold (M,g). Then M admits a foliated
atlas A in which the coordinate transformations are given by

T=2(z,y, 21t),y =1yy1),

. - (3.3)
zZ = 7Z(z,t), t=1(t).
Furthermore, the distributions N', D, D+ and D are locally spanned by
0 0
(2) {axax}
90 .., 9 9
gl axm oyt oy [
(3.4)

Q

i ...,%,Tyl}.“ ﬁiys 8217”.}82"

Q

0) {5
SY SRR
(d){ 0 , 0 0 0 0 0 }

respectively.
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Proof. Using Theorem 3.1, we have altogether four distributions parallel with
respect to the torsion—free linear connection V on (M, g). Thus by Theorem
1.6, the distributions A/, D, D+ and Dt define four parallel foliations Fa, F,
F+ and F7 respectively. Then the two assertions of the theorem follow from
(2.1.5) and Theorem 1.1.1, taking into consideration that F foliates every
leaf of F, 1+ and F*, and that both F and F* foliate every leaf of 7. m

A foliation F on a semi-Riemannian manifold (M, g) is said to be of type
(r, s) if its tangent distribution D is of type (7, s). Thus F is non—degenerate
(partially—null, totally—null) if D is so. When r > 0, s > 0, u > 0 it is easy
to see that Far is totally—null, while the other three foliations are partially—
null. We also note that in this study we have two flags of foliations:

Fy CFCFt and Fyc FtcF .

In general, a flag of foliations is a family of foliations F7, ..., Fj of codimensions
g1y (@1 < g2 < -+ < i) such that for ¢ < j the leaves of F; are submani-
folds of leaves of F;. Feigin [Fei75] introduced the concept of flag of foliations
and developed a theory of its characteristic classes. In this respect, several
results have been obtained for flags with two foliations, which are also called
subfoliations (see Cordero [Cor85], Cordero—Gadea [CGT6]).

The information we have from Theorem 3.2 will be used in what follows
to study the geometry of semi—Riemannian manifolds admitting a parallel
foliation F. We must distinguish between the cases where F is non—degenerate,
partially—null or totally—null.

4.4 Parallel Non—Degenerate Foliations

Let F be a parallel non—degenerate n—foliation on an (n + p)-dimensional
semi-Riemannian manifold (M, q). Thus the tangent distribution D to F is
non—degenerate and parallel with respect to the Levi—Civita connection V on
(M, q). Hence D is parallel, non—degenerate and complementary orthogonal
to D. This gives the second parallel p—foliation F+. Thus (M,D,D') is an
almost product manifold and the pair (F,F1) is a ﬁfgrid. Using Theorem
3.2 for r = 0 and Theorem 2.3 we obtain the following.

Theorem 4.1. Let F be a parallel non—degenerate n—foliation on an (n+p)—
dimensional semi—Riemannian manifold (M,q). Then we have the assertions:

(i) For each x € M there is a coordinate neighbourhood V* and two subma-
nifolds V and V* of M admitting torsion-free linear connections V and

VL such that (V*,V) is the affine product of (V,V) and (V*+,V4).
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(i) If (2, ...,a", 2™t . a"TP) are the coordinates on V*, then

0 0 n 0 0
D—span{aml,-..,gxn}, D —Span{azn+1,...,axn+p}7

and the transformations of coordinates are given by

=3 (), T =3"(").

It is clear that with respect to the above coordinate system the matrix of
the local components of g has the form

gij(z) 0
0 gap(x)

[Gab] = l ] , a,be{l,...n+p},

where we set

(0 0 .
gij(x) =g ((%ci ,(r“)xj> , 4,7 €{1,...,n},

and
(z) ore 9B €{ 1 }
Japlx) =9 o 928 ) a, n+1,..,n+p;.

Now, we want to show that the matrices [g;;(x)] and [gas(z)] define semi-
Riemannian metrics g and g on V and V* respectively. Thus we must show
that g;; are independent of (x" !, ...,2"*P) for all i, j € {1,...,n} and g,p are
independent of (z!,...,2") for all a, 3 € {n + 1,...,n + p}. First, from (2.2)
written for V,V and V1 we deduce that VxY = 0 for any X € I'(D1) and
Y € I'(D). Then since g is parallel with respect to V, we obtain

X@G(Y,2)) =g(VxY,Z) +g(Y,VxZ) =0,

0 0
ore’ Y= Ozt

-, and obtain that g;; are independent of (z"!,...,2"P). Similarly,

oxJ
[9as] defines a semi-Riemannian metric on V1. Summing up, we have proved
the following.

and

for any X € I'(D4) and Y, Z € I'(D). Now, take X =

7 =

Theorem 4.2. Let F be a parallel non—degenerate n—foliation on an (n + p)-
dimensional semi-Riemannian manifold (M,g). Then for any point x € M,
there is a neighbourhood V* C M and two submanifolds V and V* of dimen-
sions n and p, admitting semi-Riemannian metrics g and g* such that (V*, )
is the semi-Riemannian product of (V,g) and (V*,g%).

From the above theorem we deduce that the matrix of the local components
of g has the canonical form
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(4.1)

(k
[ﬁab][g”() ; ]

0 gap(2")

where a,b € {1,....n+p}, 0,5,k € {1,...,n}, a,8,y € {n+1,...n+p}.

Now, we characterize semi—Riemannian manifolds from the above theorem
by using totally geodesic foliations studied in Section 3.4.

First, we note that a parallel non—degenerate foliation F on (M,g) is
totally geodesic since VxV € I'(D) for any X,Y € I'(D). However, the
converse is not true. To show this we consider M = IR?\{0} endowed with
the usual Euclidean metric g (see (1.4.11)). Then the connected components
of the lines ax+by = 0 taken for all (a,b) # (0,0), determine a totally geodesic
foliation on (M, g) which is not parallel. The next theorem sheds more light
on this problem.

Theorem 4.3. Let (M,g) be a semi-Riemannian manifold. Then the fol-
lowing assertions are equivalent:

(i) There exists a parallel non—degenerate foliation on M.
(ii) There exist two complementary orthogonal totally geodesic foliations
on M.

Proof. Let F be a parallel non—degenerate foliation on M and D its tangent
distribution. Then for any X,Y € I'(D) we have VxY € I'(D). Thus, by
(3.2.5) it follows that the second fundamental form h of F vanishes identically
on M. Hence F is totally geodesic. Now, by Theorem 3.1, D+ is also parallel
with respect to V and therefore integrable. In a similar way as above, it fol-
lows that F1 is totally geodesic. Thus (i) implies (ii). Next, suppose (F, D)
and (F*+,D+) are two complementary orthogonal totally geodesic foliations
on M. Hence both are necessarily non—degenerate foliations. Now, by (3.2.5)
and (3.2.6) we obtain

VoxQY € I'(D) and Vo xQ'Y € I'(DY), VX,Y € I'(TM).
Moreover, since g is parallel with respect to %, we have
I(VoxQY,Q'2) = —g(QY.VoxQ'Z) = 0.

Hence, %Q/XQY € I'(D), and thus D is parallel with respect to V. n

The above equivalence can be used to get an elegant proof of the last part
of the assertion in Theorem 4.2. Indeed, since we have two complementary
totally geodesic non—degenerate foliations, their second fundamental forms
vanish identically on M. Thus by assertion (vi) of Theorem 3.3.3 we deduce
that both foliations are with bundle-like metric. Finally, by Theorem 3.3.2
we obtain that [g;;] and [gag] represent the matrices of two semi-Riemannian
metrics on V and V' respectively.
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The Theorem 4.2 justifies the name locally semi—Riemannian product
used in Section 1.5. Also we note that the manifold (M,q) in this theorem
does not have to be a global product as we can see from the following example.

Example 4.1. Consider the 2-dimensional torus T? as the quotient space
T? = IR?/Z? defined using the action (m,n)(x,y) = (z + m,y + n). Let 0
be an irrational number, and F the parallel foliation of IR? whose leaves are
straight lines of slope #. This foliation is invariant under the action of Z?,
which acts as a group of isometries of IR2. So F induces a parallel fohatlon
F on the torus T2. Both foliations F and F have no compact leaves. Thus
the product LxL» of two leaves is not compact, and therefore cannot be
diffeomorphic (not even homeomorphic) to the compact manifold . L]

Now, let (M,g) be a complete and simply connected semi—Riemannian
manifold which admits a parallel non—degenerate foliation F. Then using
Theorem 2.5 and Theorem 4.2 one concludes that (M,g) is a global semi-
Riemannian product (L, g)x(L*, gt), where L and Lt are leaves of F and
F*+ through a point # € M. To be more specific we give the following
definition. Let (M,g) and (M,g) be two m-dimensional semi-Riemannian
manifolds endowed with foliations F and F respectively. Then an isometry
f:(M,g) — (M,g) is called a foliation preserving isometry if it carries
every leaf of F to a leaf of F. Now, we can state the following.

Theorem 4.4. Let (M, q) be a complete and simply connected semi—Rieman-
nian manifold which admits a parallel non—degenerate foliation F. Then there
exists a foliation preserving isometry from (M,q) onto the semi—Riemannian
product (L, g)x (L*, gt), where L and L* are the leaves of F and F* through
a point x € M, and g and g* are the semi-Riemannian metrics induced by g
on L and L+ respectively.

If the manifold is not simply connected, the following will be an immediate
corollary.

Corollary 4.5. Let (M,q) be a complete semi—Riemannian manifold which
admits a parallel non—degenerate foliation F. Then there is a semi—Rieman-
nian product (M*,g*) = (L, g)x(fL,gL) and a properly discontinuous group
G of isometries of (M*, g*) such that (M, g) is isometric to (M*,¢*)/G. Fur-
thermore, L and fl are universal covering spaces of the leaves L and L of
F and F* through a point x € M, and G is isomorphic to IT,(M).

Let us give here some history of studying the geometry of a semi-Rieman-
nian manifold admitting a parallel non—degenerate foliation. The local product
situation (Theorem 4.2) was first proved by Thomas [Tho39] in 1939 for Rie-
mannian manifolds. The global product result (Theorem 4.4) was first proved
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by de Rham [deR52] in 1952, again in the Riemannian case only. Another
proof of this theorem in the Riemannian case was given in Kobayashi-Nomizu
[KN63], p. 187. This proof uses Reinhart’s work [Rei59a] on foliations with
bundle-like metric (see Section 3.3). A proof in the general situation of semi-
Riemannian manifolds was first given by Wu [Wu64] in 1964. Wu used the
holonomy theorem of Ambrose and Singer to convert the reducibility property
into a statement about the behaviour of curvature under parallel displacement.
Since parallel displacement of curvature determines M up to isometry, the
local product decomposition is obtainable from a study of the curvature form,
and the global structure is then deduced using the simple connectedness. The
proof using Kashiwabara’s result (Theorem 2.5) was given by Furness [Fur72]
in 1972.

We cannot end this section without giving the general de Rham De-
composition Theorem. So, let (M,q) be a Riemannian manifold and V
the Levi-Civita connection defined by g. In what follows we suppose that M
is V-reducible. Shortly, we say that M is reducible. If M admits a parallel
foliation F, then F is automatically non—degenerate. Then it might happen
that F admits a parallel subfoliation F’, and we can subject F’ to the same
scrutiny. Thus we can envisage a maximal decomposition of M into mutually
orthogonal parallel foliations Fj, ..., Fi. This can be done precisely by looking
again at the action of the holonomy group @, (see Section 4.1) on T, M with
respect to V. First consider the set

T ={veT,M:1(v)=v, VT € PD,}.

That is, T is the set of all fixed points of @,. Then T2 is a linear subspace of
T, M and its orthogonal complement (72)* in T}, M is also invariant under @,
Thus (729)* may be decomposed into a direct sum T} & --- ST of irreducible
mutually orthogonal @,—invariant subspaces of T, M. The decomposition

T.M=T ®T, & - &Tr,

is called the canonical decomposition of 7, M. Since M is supposed
to be reducible, this decomposition is non—trivial, that is, it has at least
two subspaces of T, M. Now, it follows that parallel displacements of T,
i € {0,...,r}, yield parallel distributions D’ that are mutually orthogonal.
Each D! is integrable and non—degenerate (since (M,g) is Riemannian) thus
giving a parallel non-degenerate foliation F?. The foliation F° has the spe-
cial feature that each of its leaves is locally Euclidean. Thus for each = € M,
the leaf LO through z is a flat Riemannian manifold, that is, L° admits, lo-
cally, a basis of s parallel vector fields, where s = dim L (cf. Besse [Be87],
p. 283). Indeed, since the holonomy group of L consists of the identity only,
TO=8l®-- @SS, where St t € {1, ..., s} are @, invariant lines. Now, on a
neighbourhood V? in L® we consider the unit vector fields X that span the
line distributions
St=J S vte{l, ., s)

zeV0
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Finally, taking into account that S* are parallel and X* are unit vector fields,
we deduce that Vx X! = 0, for any X € I'(TV°) and t € {1,...,s}. Thus
{X1,..., X*} is the basis we were looking for.

Summing up the above discussion and taking into account that Theorem
4.2 is true for more than two distributions, we obtain the following.

Theorem 4.6. Let (M, g) be a reducible Riemannian manifold with the canon-
ical decomposition
TM=D"®&D'®---&D".

Then any point x € M has a neighbourhood V* = VOxV1x ... xV" such that
(V*,9) is the Riemannian product (V°,g%)x (W1, g')x - x(V", g"), where V'
are neighbourhoods in the leaves L' of D' through x, and g' are the Rieman-
nian metrics induced by g on Vi, i € {0,...,r}. Moreover, any leaf of L° is
locally Fuclidean.

The foliation F° is unique, and F*',..., F" are unique up to order. This
follows from the corresponding uniqueness properties of the canonical de-
composition. Finally, by using Theorem 4.4 for more than two foliations and
Theorem 4.6, we obtain the following general version of the de Rham Decom-
position Theorem.

Theorem 4.7. A complete, simply connected and reducible Riemannian
manifold  (M,g) is  isometric to  the  Riemannian  product
(L%, ¢°) x (LY, g') x --- x (L",g"), where (L° ¢°) is a Euclidean space
(possibly of dimension 0) and (L%, g%), i € {1,...,r} are complete, simply con-
nected and irreducible Riemannian manifolds. This decomposition is unique
up to an order.

If (M, ) is not simply connected, then as in Corollary 4.5 it is isometric to
the quotient space of such a Riemannian product under the action of a proper
discontinuous group G that is isomorphic to ITy (M).

The case in which an m-dimensional semi-Riemannian manifold (M, q)
has a parallel non-degenerate 1-foliation F, has some special features of in-
terest. By Corollary 4.5, (M, g) is universally covered by M = Rx N, where N
is some simply connected (m—1)-dimensional manifold. This suggests a way of
constructing semi—Riemannian manifolds admitting parallel non—degenerate
foliations, using the technique of suspending a diffeomorphism as follows. Let
N be a smooth n—dimensional manifold, where n = m—1, andlet f : N — N
be a diffeomorphism. Take M = IRxN = {(t,z) : t € R, = € N}, and define

an action of the additive group Z of integers on M by
@i(t,x) = (t+1i, f(x)), Vi€Z, (t,x) € RxN.

Then M = M /Z is an m—dimensional manifold, and is said to be the manifold
obtained by the suspension of f. But M being a global product, it has a
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pair of complementary foliations: a 1-foliation F given by x = constant and
an (m — 1)—foliation F’ given by ¢ = constant. The action of Z, as defined
above, preserves both of the foliations F and F”, thus inducing a pair F,F’
of complementary foliations on M, where F is of dimension 1. Now, suppose
that N has a semi—Riemannian metric h for which f is an isometry, and let
e be the standard Euclidean metric on the real line IR. Then g = exh is a
semi-Riemannian metric on M and Z acts on (M, g) as a group of isometries
preserving the product structure. Thus g projects to define a metric g on M
with respect to which F is parallel and non—degenerate. It is worth mentioning
that F’, as well, is parallel and non—degenerate with respect to g. Conversely,
if there is a metric g on M such that F and F' are parallel, non-degenerate
and mutually orthogonal, then there is a unique metric g on M such that the
covering is Riemannian (see Wolf [Wol67]). Since g is locally the product of
two metrics, then g is locally the product of two metrics, one is on IR, the
second is on N. Let us denote this second metric by k. Since Mis a global
product, then h defines a metric on N. Moreover, the group Z is a group of
isometries of (M, q) and hence, integer powers of f are isometries of (N, h).
Thus f is an isometry of (N, h). Therefore, we have proved the following.

Theorem 4.8. (Farran [Far81]). Let f : N — N be a diffeomorphism,
M =TRxN and M = M/% as above. Then M admits a semi-Rieman-
nian metric such that F and F' are parallel, non—degenerate and mutually
orthogonal, if and only if N admits a semi—Riemannian metric with respect
to which f is an isometry.

4.5 Parallel Totally—Null Foliations

Let F be a totally—null r—foliation on an m-dimensional proper semi—Rie-
mannian manifold (M, g). Thus using the notations introduced in Section
4.3, F is of type (r,0), r > 0. If D is the tangent distribution to F, then
D =N =DnND*, and hence D C D+ and D+ = D+. Therefore D+ can be
thought of as a partially-—null (r + w)-distribution, provided u > 0. Thus, in
this section we have m = 2r 4+ u where both r and u are positive integers.
Now, we take m = 2r 4+ u in Theorem 3.2 and obtain the following.

Theorem 5.1. Let D be a parallel totally—null distribution of type (r,0) on
a (2r + u)—dimensional proper semi-Riemannian manifold (M,g). Then M
admits a foliated atlas A in which the transformations of coordinates are given
by

T=1(x,2,1), Z=2(21), t =1(t). (5.1)

Moreover, the distributions D, D+ are locally spanned by
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0 0]
(a) {awlp'.’aqﬂ'}’

0 0 0 0
<b>{ax1""’aﬂ’azl""’w}’

respectively.

Hence, at an arbitrary point of M there exists a foliated chart (U, ¢) with
local coordinates (z1,...,2", 2%, ..., 2% ¢!, ...,t") such that the plaques of Ft
and F are given by the equations t' = b’ and ' = b?, z* = ¢*, respectively,
where i € {1,...,r}, a € {1, ..., u}.

As in the case of parallel non—degenerate foliations, the first step in study-
ing the geometry of (M, g) endowed with the totally—null foliation F, is to
find a foliated atlas for which the metric has a certain canonical form (see
(4.1) in the non-degenerate case). In the present case, the canonical form of
g was found by Walker [Wal50a].

Theorem 5.2. (Walker [Wal50a)). Let (M, g) be a (2r+u)-dimensional proper
semi—Riemannian manifold, and F an r—foliation on M. Then F is a parallel
totally—null foliation if and only if there is a foliated atlas A on M satisfying
(5.1) and (5.2) with respect to which the matriz of g takes the canonical form

0 0 I
0 A(z,t) H(zt) |, (5.3)
I, H"(z,t) B(x, 2,t)

where the non—zero submatrices satisfy the following conditions:

(i) I, is the rxr identity matriz. A is a non-singular symmetric uxu ma-
triz and B is a symmetric rxr matriz. H is of size uxr and H” is the
transpose of H.

(i) A and H (and therefore HT) are independent of (z!,...,2").

Proof. First, suppose that F is a parallel totally—null r—foliation on (M, g).
Then by Theorem 5.1 there exists an atlas A on M satisfying (5.1) and (5.2).
Let (U, ) be a foliated chart from A with local coordinates (z?, 2%, %), where
i€{l,...,r} and o € {1,...,u}. Since F is totallynull we have

g 0 o 0 g 0
(#) g (axi ax> =0 (g (axi a) =9 (aax> =0 64

which justify the existence of the zero submatrices in (5.3). Now, we consider
the vector fields {&;}, i € {1,...,r} defined on U by

9(&, X) = dt'(X), VX € I(TMy). (5.5)
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Then it follows that {¢;} are orthogonal to any X € I'(D+) and hence they
lie in I'(D). Moreover, they are linearly independent since {dt"} are so. Next,
0
let {8‘1}’ a € {1,...,2r + u} be the local frames field, where we have
x
0 0 0 0 o ie{l,r

- €T(D)s e = 2 5oy = 77 '
Opi € I'(D) Oprta Oz Prrtuti T P a€{l,..,u}. (5.6)

Now, we put

<a>gab=g(a 8),<b>5i=“ 0. (5.7

oz dxb L Oxe
and from (5.5) we deduce that
(a) g€y = 0, (b) & = g™6), " =r+uti (5.8)

By using (5.8a) and taking into account that & € I'(D) for all ¢ € {1,...,7},
we obtain .
£ =0, Vjiedl,..,rh (5.9)

Also, since D is parallel with respect to the Levi—Civita connection V on
(M, g), there exist some functions A;*;, on U such that

&y = AR (5.10)

where | represents the covariant derivative with respect to V. Now, by direct
calculations using (5.8), (5.9) and (5.10) we infer that

§€5= 9°°0¢ (9707 )ja = 0L 6" (8,)4)
= &5t 9" = At agiol gt = 0.
Thus we obtain 5

(6.6 = (€060 — &€l 5.5 =0

Then by Lemma 2.1.6 there exists a local chart (U, %) on M with coordi-
0 ‘ ,

nates (Z%) such that & = Tl Then we choose the coordinates (z*, 2%,t") on
‘rEl

U NU, and taking into account that (5.8a) is invariant with respect to the
transformations of coordinates, we obtain

—b b B .
§ =0; and g = 0.

Thus there exists an atlas A satisfying (5.1) and (5.2) and with respect to
which (we omit the bar)
Gijx = 5i*j* . (5.11)
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This proves the existence of the matrix I, in (5.3).
Next, we show that A and H are independent of (z!,...,2"). First, taking

into account that both D and D+ are parallel with respect to V we have
~ o 0 ~ g 0
@9 (oo g05) =0 )0 (¥t ) =0

~ 0 0
<C>9(V£jaza’aﬂ)—0'

Then, by direct calculations using (5.12) and (5.11), and taking into account
that V is a torsion—free metric connection (see (1.5.8) and (1.5.9)) we obtain

0 (2 ON_ (¢, 0 0\, (0 ¢, O
ox? g 922 028 ) g %32(1 " 928 9 920 %323

= o 0 0 = 0
—Q(V&%axi’aza)+9(aza’va%axi>—0’
and

0 (9 9N_ (v, 2.9V, (2 c,2

0 I\ oz o ) TI\Vam oz o ) "I\ 9z Y i 0w
) o ~ 0

=9 (Vafa oxi’ 5‘15]') t9 (82“ ’Vafjf):yi)

0 0 0 = 0
=9 (axi Vm) =9 (axi Va) =0

Thus the matrices A and H (and therefore H') are independent of (x!, ..., z").
This completes the proof of the assertions (i) and (ii).

Conversely, suppose F is an r—foliation on (M, g) and there exists a folia-
ted atlas A satisfying (5.1) and (5.2) with respect to which g has the canonical
form (5.3). Then the zero matrix from the corner of the matrix in (5.3) indi-
cates that F is a totally—null foliation. Next, we put

(5.12)

l

%% = Az a 0¥ + B;%, Py +Cz a otk : (513)
From (5.3) we deduce that
o 0
! <8xj ’(‘%k) — o (5.14)

and thus (5.13) implies
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Also, from (5.3) and condition (ii) we obtain

s, g 0 0 o 9
(a) G:Cig(axj’ax“) =0, () ot g(@z“’axa) =0,

1o} 1o} 0
<C>aza9(axa’axi)0

Now, by using (1.5.10) for V, and (5.15a) we infer that
0, 2. 0N_0 (0 9\ 9 (0 0
I\V ot oz 927 ) ~ 0227 \ 0zt 927 ) T 9219 \ 927 9aa

_9 (9 9 _
8xjg or® oxt )

Hence C;/, = 0 and thus (5.13) becomes

Vote ot A gk

Now, from (5.16) we obtain
~ 0o 0 o o 0
g (Vagaaxzvazﬁ> ZBZ' aAaﬁa where Aaﬁ =g (820,8,25) .
By similar calculations as above, using (1.5.10), (5.15b) and (5.15¢) we deduce

that 0
9 (Vax | aﬁ) B

Since the matrix A from (5.3) is non-singular and A, are its entries, we infer
that B;*, = 0. Hence (5.16) becomes

(5.15)

+ B 0

T a a_o 1
5.0 (5.16)

5. 9 _ 4k 9

o 9t 0 @ Ok
Thus F is a parallel totally—null foliation. This completes the proof of the
theorem. n

The atlas A given by Theorem 5.2 will be called a Walker atlas. Now,
since in a Walker atlas, the change of coordinates preserves the canonical form
(5.3) of the metric g, we expect that these coordinate transformations take
a special form. To express this explicitly we start with (5.1) from which we
deduce that
o 0¥ 9 b o 01 08 078 0

@) i = ow 55 ™ 50 = 9.0 0 T 50 557
o 01 o 9z o  otr 9
ot ot 07 ot 9z8  ott gtk

(5.17)
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Then, by direct calculations, taking into account that (5.14) is true for any
local chart of a Walker atlas, we obtain

ozl ot
0y = =— — Onk,
T fat o
which implies
ozt - ot
_7i L) = — . 1
B = L(t), where Lj(t) o7 (5.18)

Thus the coordinate transformations in a Walker atlas are given by
= Li(t)a? + 5°(z,1),
= 2%(2,t), (5.19)
%7‘ = 1(t).

Taking into account that the canonical form (5.3) is preserved with respect
to the coordinate transformations (5.19), from Theorem 5.2 we deduce the
following.

Theorem 5.3. Let M be a (2r+u)—dimensional manifold that admits an atlas

in which the change of coordinates is given by (5.19). If F is the r—foliation

whose tangent distribution is locally represented by 20 (7 then there exists
x

on M a proper semi-Riemannian metric g such that F is totally-null and

parallel with respect to the Levi-Civita connection on (M, g).

To state the next result on the leaves of F we introduce a special class of
manifolds. Let N be an r—dimensional manifold and V be a linear connection
on N. Then V is locally represented by r3 smooth functions I;* ;j satisfying
(Kobayashi-Nomizu [KN63], p. 141)

~, ozt ozP p 0T o%zh

CP oz fzi T 9zk T Oridw (5.20)

with respect to a coordinate transformation #* = #*(27). Then the local com-
ponents T,k ; and R;* je of the torsion tensor field 7' and the curvature tensor

field R with respect to the natural frame field {867} are given by
i

T.%; = Ik, — 1k, (5.21)
and i .
oryk,  or; ,
Ry = s - O SATE ST SLI L (5.22)

Oxh OxI
When both T" and R vanish identically on N we say that N is a locally affine
manifold and (N, V) is a locally affine structure. To justify this name we
consider the system of partial differential equations
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02" . 0"

Oxt0xI U Pk T 0,

which has solutions (z"), h € {1,...,7}, provided T = 0 and R = 0 on N. Then
by (5.20) we deduce that I3, = 0 for all h,£,p € {1,...,7}. Thus there exists
an atlas on NV with respect to which all the connection coefficients vanish, and
hence (5.20) implies
0?zh
Oridxd

Thus the coordinate transformations on N must be affine transformations
Tt = az»xj + b, (5.23)

where a} and b* are constant. Conversely, if on N there exists an atlas sa-
tisfying (5.23), then by (5.20), I;*; = 0 with respect to any local chart,
determine a globally defined linear connection with 7" = 0 and R = 0. An
atlas on NV with coordinate transformations given by (5.23) is called an affine
atlas. Then based on the above discussion we can state the following.

Theorem 5.4. (Auslander-Marcus [AM55]). A smooth manifold N is locally
affine if and only if there exists on N an affine atlas.

The most familiar example of a locally affine manifold is (IE", %), where
IE" is the Euclidean n-space and V is the standard Euclidean connection
on IE".

Next, in order to state a result on the global structure of a locally affine
manifold, we give the following definitions. Let V and V' be two linear con-
nections on NV and N’ and f : N — N’ be a smooth map. Then we say that
f is a connection preserving map if it satisfies

F(VxY) =V} .Y, VXY € [(TM).

When f is both a diffeomorphism and a connection preserving map we say
that it is an affine equivalence of (N,V) and (N’,V’). Now, we can state
the following.

Theorem 5.5. (Auslander—Marcus [AM55], Wolf [Wol67]). Every complete lo-
cally affine n—dimensional manifold (N, V) is affinely equivalent to (IE", V) /G,
where G is some properly discontinuous group of automorphisms of (IE", V).

Now, suppose F is an n—foliation on an (n + p)-dimensional manifold M.
Denote by C(M,F) the class of torsion—free linear connections on M with
respect to which F is parallel. Proposition 1.5 guarantees that C(M,F) is
non—empty. Let N be a leaf of F and Ve C(M,F). Then V induces a
torsion—free linear connection V on N given by
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VxY =VxY, VX,Y € I'(TN).

The foliation F is called locally affine if there exists V € C (M, F) which
induces on each leaf N of F a locally affine structure (N, V). Next, we denote
by (2%, 2%), i € {1,...,n}, @ € {n+1,...,n + p} the local coordinates on
M with respect to the leaf atlas on (M, F) (see Section 2.1). Then a local
characterization of locally affine foliations can be stated as follows.

Theorem 5.6. (Furness [Fur72|, p. 35). The foliation F is locally affine on
M if and only if there exists a leaf atlas on (M,F) with coordinate transfor-
mations given by

i — A;(z”‘)xj + Bi(zo‘), i, € {1, ,,.,n},

_ (5.24)
% = 0%(zP), a,fe€{n+1,...,n+p}

This theorem is a generalization of Theorem 5.4 and we omit its proof here.
Comparing (5.24) and (2.1.21) we may state the following.

Corollary 5.7. The vertical foliation on the total space of a vector bundle is
locally affine.

Another large class of locally affine foliations is provided by the next theo-
rem.

Theorem 5.8. (Furness [Fur72], p. 42). Any 1—foliation on a paracompact
manifold is locally affine.

Now, let F be a parallel totally-null r—foliation on a semi—Riemannian
manifold (M, g). Then comparing the coordinate transformations (5.19) in a
Walker atlas with (5.24) we can state the following.

Theorem 5.9. Any parallel totally—null foliation on a semi—Riemannian ma-

nifold is locally affine.

The above theorem is a particular case of a general result obtained by
Robertson-Furness [RF74] (see Theorem 7.2).

We have no universal model for manifolds admitting a parallel totally-null
foliation. It is important, therefore, to look for general constructions of such
foliations. One such construction is the following.

Let M be an (n + p)-dimensional manifold and F be an n—foliation on
M. Then we consider the tangent distribution D to F and define a vector
subbundle D* of the cotangent bundle T* M as follows. For each x € M the
fiber D} of D* consists of all linear mappings w : T, M — IR such that
w(X) =0 for all X € D,. We call D* the conormal bundle of F on M. It
is easy to see that D* is bundle isomorphic to TM/D and therefore its fiber
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dimension is p. Thus the total space of the vector bundle 7* : D* — M is
an (n + 2p)—dimensional manifold and the fibers D}, © € M, are the leaves of
a p—foliation G on D*.

Theorem 5.10. There exists a semi-Riemannian metric on D* with respect
to which the foliation G is totally—null and parallel.

Proof. Let A be a leaf atlas for the n—foliation F on M with coordinate
transformations (see (2.1.5))

=732, 2P), 0,5 € {1,...,n},

- (5.25)

¢ =1%%), a,fe{n+1,.n+p}
Then A induces an atlas A* on the (n + 2p)-dimensional manifold D* as
follows. Locally, w € I'(D*) is written w = ygdz”. Then the coordinates on
D* are taken (z%,2%yg), i € {1,..,n}, a,8 € {n+1,...,n + p}. By using
(5.25) and taking into account that w is an 1-form on M we deduce that the
coordinate transformations of A* have the following form

dxP

g()( = ng(xfy)yﬁ7 Lg(xﬂy) = a.;fa ’

i 5i(xj7 l‘ﬁ), (5.26)

7 = 7% (2P).

Comparing (5.26) with (5.19) we deduce that A* is a Walker atlas on D*, and
the assertion follows from Theorem 5.3. ]

Finally, we note that locally, the leaves of the foliation G are given by
x' = const., * = const., while the leaves of the orthogonal foliation G+ are
given by x® = const. For convenience, we refer to a totally—null foliation con-
structed in the above fashion as a totally—null conormal bundle foliation
to F.

Another source of examples for parallel totally—null r—foliations, for r = 1
this time, is the technique of suspensions discussed in Section 4.4. So, let IV
be an (m — 1)-dimensional manifold and f : N — N be a diffeomorphism.
Suppose M = M /% is the foliated manifold obtained by suspension of f,
and let F be the 1-foliation on M. As in the non—degenerate case, we look
for necessary and sufficient conditions for the existence of a semi—Riemannian
metric on M such that F is totally—null and parallel.

First, we need the following definitions. Let (N,h) be a complete Rie-
mannian manifold and f : N — N a diffeomorphism. Then f is said to be
expanding if there exist real numbers ¢ > 0 and A > 1 such that

1T ()] Z eA™[Jvll; (5.27)
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for all v € TM and all positive integers n, where T f™ is the differential of f™
and ||-]| is the norm on T'M given by h. The diffeomorphism f is contracting
if there exist real numbers ¢ > 0 and 0 < A < 1 such that

ITF" ()] < eA™[|v]]. (5.28)

Obviously, if f is expanding then f~! is contracting and viceversa. It is well
known (see Nitecki [Nit71] and Shub [Shu69]) that if f is expanding or con-
tracting then it has a unique fixed point, and when N is compact, the property
of being expanding or contracting is independent of the choice of the metric.
Now, we are in a position to prove the following.

Theorem 5.11. (Farran [Far81]). Let f : N — N be a diffeomorphism and
M = M/Z be the manifold obtained by the suspension of f, and take F as
the induced 1—foliation on M. If M admits a proper semi—Riemannian metric
for which F is totally-null and parallel, then f cannot be either expanding or
contracting.

Proof. Recall from Section 4.4 that M = TRxN and for each i € Z we have
a diffeomorphism @; : M — M given by

Di(t,x) = (t+1, f'(2)).

On the (m—1)—-dimensional manifold N we consider an atlas A={(Wa,, ¥a) }aca
and take the open sets of M:

11
U, = (0,1)xW, and V, = <—a> X W

Then we define ¢, : U, — IR™ and 1, : V, — IR™, by
Palt,z) = (t,%a()) and 1a(s,y) = (s,%a(y))-

Since the natural projection p : M —s M is injective on each of U, and V,,
then U, = p(U,) and V, = p(V,) are open sets of M on which we can define
the following:

— R™, P, =paop !, and

1

@a:aa
ﬁaiva—>]Rm7 N =MNaOD -

Thus, (Ua,P,) and (Va,7,) are two local charts in the atlas on M induced
by the atlas A on N. Now, if f : N — N has no fixed points, then it
cannot be expanding or contracting, and we are done. So let us assume that
f has at least one fixed point, say z. Let (W,,%,) be a chart in A about
z, and (Un,P,); Va,7,) the corresponding two charts of M as above. Now,
Uy, N Vs = PUQ where P and  are connected components which come
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1 1
under p from <O, 2) xW,, and <2, 1) X W, respectively (see Brickell-Clark

[BC70], p. 104). The change of coordinates 7, o 7, on @, (P) is given by
(t,x) — (t,z) and it arises from the identity ®o. The change of coordinates
M, © ot on §,(Q) is given by (t,2) — (t — 1, f~*(x)) and it arises from
®_;. So the change of coordinates on @ is given by

t=t—1, 3 =(f)" 1z, ...,2™ ), ie{l,..,m—1}. (5.29)

Now, if M admits a semi—-Riemannian metric for which F is totally—null and
parallel, then there is an atlas A on N such that the induced atlas on M is
a Walker atlas. Thus, by (5.19) and (5.18) the change of coordinates in that
Walker atlas must be of the form
m—1
i = % t+ Szt ..., 2™ 1),
7o =72%, 2™, ae {1,...,m -2},

%mfl — Emfl(xmfl).

(5.30)

Comparing (5.29) and (5.30) we conclude that 2™ ~! = 2™~! + ¢ where c is a
real constant. Using this, we deduce that T, f ' : T, M — T,, M has a matrix

of the form
Ab

01

b

where A is a non singular (m — 1)x(m — 1) matrix and b € IR. Therefore,
T,.f~! has at least one eigenvalue which is equal to 1. Thus f can not be
either expanding or contracting, which completes the proof of the theorem. m

Theorem 5.12. (Farran [Far81]). Let (N, h) be an (m — 1)-dimensional Rie-
mannian manifold admitting a parallel 1-foliation, and let f : N — N be a
diffeomorphism. If f is an isometry of (N, h) then there exists a semi—Rieman-
nian metric on M = M/Z such that the 1-foliation F obtained by suspension
of f is parallel and totally—null.

Proof. Since (N, h) admits a parallel 1-foliation, by using Theorems 4.1 and
5.5 we deduce that there exists an atlas A on N in which the change of
coordinates is given by

=i

=12t ™) i e {1, ..., m — 2}.

gl =gm 14 ¢ cis areal constant.

So, M = Rx N admits an atlas B in which the transformations of coordinates
are given by
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=72t .. 2™ 2, (5.31)
am—l=gm=l ¢

Moreover, the Riemannian metric A must be locally represented by the fol-

lowing matrix
A0

0 b

)

where A is a non-singular (m —2)x (m — 2) matrix whose entries are functions

of (x,...,2™~2) and b is a non—zero function of z™~! alone. Now, we take
the matrix
001
C=1|0A0]|,
100

where A and b are as above, which gives a semi—Riemannian metric in every
chart of B. But the change of coordinates (5.31) in B preserves C, and hence
we obtain a semi-Riemannian metric p on the whole of M. Then, by Theorem
5.2, the foliation on M locally given by 2% = ¢%, a € {1,...,m — 1} is parallel
and totally—null with respect to p. Since f is an isometry of (N, h), then an
argument similar to that of the proof of Theorem 4.8 shows that p projects
to a semi-Riemannian metric g on M. Clearly, F is parallel and totally null
with respect to g. [

4.6 Parallel Totally—Null r—Foliations on 2r—Dimensional
Semi—Riemannian Manifolds

Let (M, g) be a 2r—dimensional proper semi-Riemannian manifold, and D be
a totally—null r—distribution on M, that is, we have

g(X,Y)=0, VX,Y € I'(D). (6.1)

In the first part of this section we will construct a complementary totally—
null r—distribution D to D in TM. Then we use D to study the geometry of
parallel totally—null r—foliations on M.

First, we consider a complementary distribution D’ to D in T'M that is
locally represented on U C M by the vector fields {V1, ..., V,.}. Then suppose
that D is locally represented by {1, ...,&:} and consider the rXxr matrices
C = [C;;] and D = [D;;] where we put

(a) Cij = g(Vi,&;) and (b) Dij = g(V;, Vj). (6.2)

Thus the matrix of g with respect to the non—holonomic frame field {&;,V;},
i € {1,...,r} has the form
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0 C

, 6.3
or D (6.3)

[9] =

which implies that C' must be nonsingular. Next, we consider the r xr matrices
A= [Aij} and B = [BZJ] given by
1

(a) A=~ c'pec™HT and (b) B=C1. (6.4)

Then we construct the vector fields

n; = Z{A”fj + Bw‘/}}, 1€ {17 ...77”}. (65)

Jj=1

By direct calculations using (6.2) and (6.5) we obtain
7717516 ZBZJC]ka

and

9(misn;) = 245+ Y {BiDin By},
kh=1

since A is a symmetric matrix. Hence, by (6.4) we deduce that
(a) g(ni,&k) = dir. and (b) g(ni,n;) = 0. (6.6)
Now, we are in a position to prove the following.

Theorem 6.1. Let D be a totally—null r—distribution on a 2r-dimensional
semi-Riemannian manifold (M,g). Then there exists a totally—null r—distri-
bution D complementary to D in TM and locally represented by the vector

fields {m;}, i € {1,...,r}, given by (6.5).

Proof. First, by using (6.6a), it is easy to see that {n;} are linearly indepen-
dent on & C M. Then we consider another coordinate neighbourhood UcM
such that UNU # (). The corresponding objects on U to the ones defined above
on U will have a tilde. To simplify the calculations we put [n] = [n1, ..., 1|7,
[€] = [&1, .., &)T and [V] = [V4, ..., Vo] on U and keep the same notation on
U. Since D and D’ are distributions on M, onlU N U we have

(a) [(] = El¢] and (b) [V] = F[V], (6.7)

where E and F are non-singular matrices. Then, by using (6.2) and (6.7), we
obtain _ _
(a) C = FCE™ and (b) D= FDF?”. (6.8)
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Now, by using (6.4), (6.5), (6.7) and (6.8), we deduce that

il = —5 O D(E ) [E + C' 7]
= L) O T PDET (FT) T O B B 4 (B) 0T F V]
—(57) (-3 DI+ V) = () D

Hence we have a distribution D on M locally defined by {n;}, i € {1,...,r},
given by (6.5). According to (6.6b) D is totally-—null. Finally, from (6.6a) we
deduce that at any point of & none of the vector fields {#;} lies in D. Hence
D and D are complementary totally-null distributions on M. This completes
the proof of the theorem. [

As we can see from the above proof, the construction of D depends upon
the choice of D’ and hence D is not unique. However, as we see below, we may
get information on the geometry of D by using some geometric objects which
do not depend on D. Indeed, locally we define the functions

hijk =g (651{;',51@) : (6.9)

where V is the Levi-Civita connection on (M, g). Clearly, h;j;, are independent
of the transversal distribution D. Moreover, since g is parallel with respect to
V, by using (6.9) and (6.1) we obtain

hijr + hig; = 0. (6.10)
Now, we can state the following.

Theorem 6.2. Let D be an integrable totally—null r—distribution on a 2r-—
dimensional semi—Riemannian manifold (M, g). Then D is self-parallel with

respect to V.

Proof. Taking into account that D is integrable, by using (6.9) and (6.1), we
deduce that
hijk = hjik.- (6.11)

Next, from (6.10), we obtain
hjk'i + hjik =0 and hkij + hkji =0. (6.12)

Then, by using (6.10)-(6.12), we obtain h;;, = 0. Finally, by using (6.9), we
deduce that V¢, & € I'(D) for any i,j € {1,...,r}. Hence D is self-parallel
with respect to V. n
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Next, we consider the foliation Fp tangent to D and take a leaf N of Fp.
Then, by the above theorem, the restriction of V to N is a torsion—free linear
connection on N. Thus any geodesic of N is a geodesic of (M, g). This enables
us to state the following important result on totally—null foliations.

Theorem 6.3. Any totally—null r—foliation on a 2r—dimensional semi—Rie-
mannian manifold is totally geodesic.

Now, we suppose that F is a parallel totally—null r—foliation on a 2r—
dimensional semi-Riemannian manifold (M, g). If D is the tangent distribu-
tion to F then D = D+ = N. Then a foliated atlas on (M, g) has the coordi-

ox?
a similar proof as of Theorem 5.2, we obtain the following.

nates (z%,t) and D is locally spanned by {8}7 i € {1,...,r}. Moreover, by

Theorem 6.4. Let (M, g) be a 2r—dimensional proper semi—Riemannian ma-
nifold, and F an r—foliation on M. Then F is a parallel totally—null foliation
if and only if there is a foliated atlas A on M with respect to which the matrix
of g takes the canonical form

0 I,

L By (6.13)

where B is a symmetric rXr matrix.

We keep for A the name Walker atlas and note that the coordinate
transformations in 4 are given by (see (5.19))

(@ﬁszmWS%%%@=%%’ (6.14)

(b) £ = F(t9).

Since the canonical form (6.13) is preserved with respect to the change of
coordinates (6.14), by using Theorem 6.4, we deduce the following.

Theorem 6.5. Let M be a 2r—dimensional manifold that admits an atlas in
which the change of coordinates is given by (6.14). If F is the r—foliation whose

0
tangent distribution is locally represented by {8’} , 1 €{1,...,r}, then there
x

exists on M a proper semi—Riemannian metric g such that F is totally—null
and parallel with respect to the Levi—-Civita connection on (M, g).

Now, suppose that F is a parallel and totally—null r—foliation on a 2r—
dimensional semi-Riemannian manifold (M, g). Since the tangent distribution
D to F is parallel with respect to the Levi—Civita connection V on (M, g) we
put
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0 0
Vi g =0 g (6.15)

Take a leaf N of F and denote by V the induced connection by Von N , that
is, by (6.15) V = V on I'(TN). From (6.13), we have g <£k : (,jh) = Okn,
where (zF,t") are coordinates in the Walker atlas on (M, g). Thus (6.15)

implies
o 0 .
g (vamath> =1

On the other hand, taking into account (1.5.10) and (6.13), we obtain

o 0 0 0
2g (vaijﬁxi’ath) :@(@‘h)*‘@(ajh):o'
Hence the leaf N admits a linear connection V whose local coefficients I ihj
vanish on the domain of each local chart of the Walker atlas. Thus N is a
locally affine manifold and therefore the foliation F is locally affine. Actually,
this follows immediately from (6.14) via Theorem 5.6. The above discussion
about the induced connection V on N shows a little more than this. Namely,
it shows that the curvature tensor field R of the Levi-Civita connection V on
(M, g) satisfies

R(X,Y)Z =0, VX,Y,Z € I'(D). (6.16)

Moreover, based on this discussion we can state the following.

Theorem 6.6. Let D and D be two complementary parallel totally—null r—
distributions on a 2r—dimensional proper semi—Riemannian manifold (M, g).
Then we have the assertions:

(i) Both foliations F and F defined by D and D are locally affine.
(i1) M is locally a product of two locally affine manifolds.

(iii) The curvature tensor field R of the Levi-Civita connection on (M, g) sa-
tisfies (6.16) and

R(X,Y)Z =0, VX,Y, Z eI'(D). (6.17)

We show now that cotangent bundles are natural models for 2r-dimensional
manifolds that admit parallel totally—null r—foliations.

Theorem 6.7. (Patterson-Walker [PW52]). The cotangent bundle T*M of a
manifold M admits a proper semi—Riemannian metric such that the foliation
by fibers of T*M is parallel and totally—null.

Proof. Let (t!,1;), i € {1,...,7}, be the local coordinates on T* M, where (t)
are the local coordinates on M. Then the change of coordinates on T*M is
given by
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_ oY =
(a) i = =iy (b) = F(t)). (6.18)

Comparing (6.18) with (6.14) via (5.18) we conclude that the natural atlas
A with local coordinates (t!,z;) on T*M is a Walker atlas with respect to
the r—foliation F by fibers of T* M. Finally, apply Theorem 6.5 and conclude
that T* M admits a proper semi—Riemannian metric with respect to which F
is parallel and totally—null. n

Finally, we note that totally—null distributions (foliations) are deeply in-
volved into the geometry of para—Kahlerian manifolds. To show this we first
present some definitions. Let F' be an almost product structure on a 2r—
dimensional manifold M, and g be a semi-Riemannian metric on M such
that

g(X,FY)+g(Y,FX)=0, VX, Y € ['(TM). (6.19)

Then we say that (M, F,g) is an almost para—Hermitian manifold. If
moreover, F' is integrable, that is, the Nijenhuis tensor field N of F' given by

N(X,Y) = [FX,FY] - FI[FX,Y] - F[X,FY] + [X,Y],

(6.20)
VX,Y € I'(TM),

vanishes identically on M, then (M, F,g) is said to be a para—Hermitian
manifold. Next, we denote by D+ and D~ the eigendistributions of F' corres-
ponding to its eigenvalues (+1) and (—1) respectively. As (6.19) is equivalent
to

gFX,FY)+g¢(X,Y)=0, VX, Y e I'(TM), (6.21)

we conclude that DT and D~ are totally-null complementary r—distributions
on M. Moreover, we have the following.

Proposition 6.8. The distributions DT and D~ define on a 2r-dimensional
para—Hermitian manifold (M, F,g) two complementary totally geodesic and
totally—null r—foliations.

Proof. Take X,Y € I'(D*) and since N = 0 on M, from (6.20) we obtain
F([X,Y]) = [X,Y]. Hence [X,Y] € I'(D"), that is, D" is integrable. Thus
Dt defines a totally—null foliation F+ on M. Finally, from Theorem 6.3 we
deduce that F7T is a totally geodesic foliation. Similar arguments apply to
D, defining a totally geodesic and totally—null r—foliation F~. [

Next, a para—Hermitian manifold (M, F,g) is called para—Ké&hlerian if
F is parallel with respect to the Levi—Civita connection V on M, that is, we

have _
(VxF)Y =0, VX, Y e ['(TM).
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Examples and several results on the geometry of para—Ké&hlerian manifolds
can be found in a survey of Cruceanu, Fortuny and Gadea [CFG96]. Now,
by using the above theory of parallel totally—null foliations we can prove the
following.

Theorem 6.9. Let (M, F,g) be a para—Kdhlerian manifold and F* and F~
be the foliations defined by the eigendistributions DT and D~ of F. Then we
have the assertions:

(i) Ft and F~ are locally affine, parallel and totally-null foliations.
(ii) M is locally a product of two locally affine manifolds.
(iii) The curvature tensor field R of V satisfies

(2) R(X,Y)Z =0 and (b) R(U,V)W =0,
for any X,Y,Z € I'(DV) and U,V,W € I'(D™).

Proof. By Proposition 6.8 both foliations £ and F~ are totally—null. Then
applying Theorem 2.1 we deduce that F*t and F~ are parallel with res-
pect to V. Thus M is endowed with two complementary parallel totally—null
r—foliations. Hence Theorem 6.6 applies and we obtain all the assertions of
the theorem. n

An important relation between parallel totally—null r—foliations on
2r—dimensional semi-Riemannian manifolds and Lagrangian foliations on
symplectic manifolds is presented in Section 5.1.

To investigate that relation we need the following result of Robertson and
Furness [RF74].

Theorem 6.10. Let F be a parallel totally—null r—foliation on a 2r—-dimensio-
nal semi-Riemannian manifold (M, g). Then there is a bundle isomorphism
TM = D@D, where D is the tangent distribution to F. Moreover, M admits
an almost complex structure J given by

Jr(u,v) = (—v,u), Yo € M, (u,v) € DyxD,.

4.7 Parallel Partially-Null Foliations

This section discusses the most general situation of a parallel partially—null
foliation F on an m-dimensional semi-Riemannian manifold (M, g). Using
the terminology of Section 4.3, F is a foliation of type (r,s) with integers
r >0 and s > 0. As we saw in Theorem 3.1, F induces three other parallel
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foliations F1, F+ and F of type (r,u), (r,s+u) and (r, 0) respectively, where
r, s,u verify (3.2).

Unlike the non—degenerate situation (see Section 4.4) the geometry of pa-
rallel partially—null foliations is very far from being understood. The global
structure of semi—-Riemannian manifolds admitting such foliations has not
been determined yet. Walker [Wal50b] found a canonical form of the semi-
Riemannian metric on such manifolds. Robertson and Furness [RF74] used the
transformation of coordinates in a Walker atlas to obtain information on the
structure of the leaves of the foliation. Under certain additional conditions,
some more results concerning the leaves and the manifold were obtained by
Furness [Fur72], [Fur74] and Farran [Far79], [Far80].

In what follows we discuss the main ideas and results obtained for parallel
partially—null foliations on semi—-Riemannian manifolds. First, using the nota-
tions from Theorem 3.2 we can state the following characterization of parallel
partially—null foliations.

Theorem 7.1. (Walker [Wal50b)). Let (M, g) be a (2r + s + u)—dimensional
proper semi—Riemannian manifold and F be an (r+ s)—foliation on M. Then
F is a parallel partially-null foliation of type (r,s), if and only if there is
a foliated atlas A on M satisfying (3.3) and (3.4) with respect to which the
matriz of g takes the canonical form

0 0 0 I,
0 Ay, t) 0 F(y,t)
; (7.1)
0 0 B(z,t) G(z,t)
I, Fl(y,t) GT(zt)  Clz,y,21)

where the non—zero submatrices satisfy the following conditions:

(i) I is the rxr identity matriz. A and B are non-singular symmetric ma-
trices of sizes sxs and uxu respectively. C is a symmetric rxXr matriz.
F and G are matrices of sizes sxr and uxr respectively with transposes
FT and G respectively.

(i) A and F (and therefore FT) are independent of (z%,...,a", 2%, ..., 2%).
B and G (and therefore GT) are independent of (x',...,x", y', ..., y°).

The proof of this theorem is a slight extension of the proof of Theorem
5.2, so we omit it here. It is easy to see that Theorem 7.1 is a generalization
of both Theorem 5.2 and Theorem 6.4. For the atlas A we keep the name
Walker atlas.

In this present section we use the following range of indices: i, 7, k, ... €
{1,..,r}; o, 8,7, ... € {1,...,u}; \,pu,v,...,€ {1,...,s}. Also, we keep the no-
tations from Section 4.3 with respect to the tangent distributions to the fo-
liations we study here. Thus D, D+ and N are tangent distributions to the
foliations F, F+ and F respectively.
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Now, let (U, ) and (U, ) be two local charts from A with overlapping
domains. If (z%,y*, 2% /) and (Z%, 5>, 2% /) are the local coordinates on U
and U respectively, then by using (3.3) we deduce that

) o 0w 9
ort Ozt OTI

(b) 0 _ o 9 oyt o
oy oy